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Normalizing ûow in a nutshell

!(Z)

p(X)

Base  

density

Target 

density

“neural net”  

with 1 neuron

p(X) = !(Z) det (
∂Z

∂X )
Review article 1912.02762 



Flow model

p(X) = !(Z) det (
∂Z

∂X )

Z

X

N (Z)

p
(X

)
Sampling Normalization 

Z ∼ !(Z)

Z ↦ X
+ dX det (

∂Z

∂X ) = + dZ



From ûow to diûusion, and back
A uniûed perspective to transportation-based generative model



Physics intuition of normalizing ûow
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!(Z)p(X)

High-dimensional, composable, learnable, nonlinear transformations

Physical variables Collective variables

Li and LW, PRL ‘18

Li, Dong, Zhang, LW, PRX ‘20

for RG, canonical transformations,  
and vibrational spectra 

Zhang, Wang, LW, JCP ’24



Flow architecture design

Balanced 

eûciency & 

inductive bias

More tractable determinantsMore tractable determinants

Autoregressive Blockwise Continuous ûow

Composability

∂p(X, t)

∂t
+ ∇ ⋅ [p(X, t)v] = 0

Z = '(X)

' = '1 ∘ '2 ∘ '3 ∘ ⋯

det (
∂Z

∂X )



Example of a building block

Real NVP, Dinh et al,1605.08803

Forward

Inverse

Log-Abs-Jacobian-Det

arbitrary  

neural nets

Turns out to have surprising connection Störmer–Verlet integration 



¯

Monte Carlo update

Why is ûow useful for physics?

Renormalization group

Physics happens on a manifold 

Train neural nets to unfold that manifold

Eûective theory emerges upon 

transformation of the variables



Accelerated sampling w/ 

learned collective variables

Exact free energy lower bound 
Onsager 1944

Neural network renormalization group

Physical variables

Collective variables
Li, LW, PRL ’18 li012589/NeuralRG



Quantum version of the architecture
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Entangled qubits

Ψ

Multi-Scale 

Entanglement 

Renormalization 

Ansatz



Guy, Wavelets & RG1999+ White, Evenbly, Qi, Wavelets, MERA, and holographic mapping 2013+

Nonlinear & adaptive generalizations of wavelets

Connection to wavelets



E = 3
i<j

1

|xi − xj |
+

N

3
i

x2
i

Demo: Classical Coulomb gas in a harmonic trap

N = 6 Bolton et al, Sup. Micro ’93

https://colab.research.google.com/drive/1yIlPo5CAjYrqWHeFEZrMlzWNCoNJ6_YP#scrollTo=eQwLElKmaowu



Continuous normalizing ûows

X = Z + ·v

dX

dt
= v

d ln p(X, t)

dt
= − ∇ ⋅ v

ln p(X) − ln !(Z) = − ln det (1 + ·
∂v

∂Z )

ln p(X) = ln !(Z) − ln det (
∂X

∂Z )
Consider inûnitesimal change-of-variables

· → 0

Chen et al 1806.07366



Continuous normalizing ûows
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Fluid physics behind ûows

∂p(X, t)

∂t
+ ∇ ⋅ [p(X, t)v] = 0

Zhang, E, LW 1809.10188 

Simple density Complex density

d

dt
=

∂

∂t
+ v ⋅ ∇

“material  

derivative”d ln p(X, t)

dt
= − ∇ ⋅ v

(c)

dX

dt
= v

wangleiphy/MongeAmpereFlow

Lagrangian v.s. Euler approach to ûuid mechanics 



Neural Ordinary Diûerential Equations

Residual network ODE integration

Xt+1 = Xt + v(Xt) dX/dt = v(X)

Xt+÷
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Chen et al, 1806.07366

Harbor el al 1705.03341 

Lu et al 1710.10121,  

E Commun. Math. Stat 17’…



Neural Ordinary Diûerential Equations

Chen et al, 1806.07366

Residual network ODE integration

Harbor el al 1705.03341 

Lu et al 1710.10121,  

E Commun. Math. Stat 17’…

Xt+1 = Xt + v(Xt) dX/dt = v(X)



Chen et al, 1806.07366, Grathwohl et al 1810.01367

More tractable determinantsMore tractable determinants

Continuous normalizing ûow have no structural 

constraints on the transformation Jacobian

Continuous normalizing ûows  

implemented with NeuralODE



Chen et al, 1806.07366, Grathwohl et al 1810.01367

More tractable determinantsMore tractable determinants

Continuous normalizing ûow have no structural 

constraints on the transformation Jacobian

Continuous normalizing ûows  

implemented with NeuralODE



�(x)

(a) (b)

�(x)
e

�E(x)

Z

Density estimation Variational free energy

The two use cases

“learn from data” “learn from Energy”

Zhang, E, LW, 1809.10188

Variational free energyMaximum likelihood estimation

F = ,
x∼p(x)

[E(x) + kBT ln p(x)]ℒ = − ,x∼data [ln p(x)]



Continuity equation

Fokker-Planck equation
∂p(X, t)

∂t
+ ∇ ⋅ [p(X, t)f]− ∇

2p(X, t) = 0

∂p(X, t)

∂t
+ ∇ ⋅ [p(X, t)v] = 0

From ûow to diûusion model

Vincent 2011, Sohl-Dickstein et al, 1503.03585, Song et al, 1907.05600 Ho et al, 2006.11239…



https://generatebiomedicines.com/chroma
Ingraham et al, Chroma, Nature 2023 Abramson et al, AlphaFold3, Nature 2024

Template, MSA, …

Diûusion models for protein structure 

prediction and design

https://deepmind.google/technologies/alphafold/



http://ai.ruc.edu.cn/newslist/newsdetail/20240326001.htmlhttps://openai.com/index/sora/

“What I can not create, I do not understand” 

—Richard Feynman

Do they understand physics?



http://ai.ruc.edu.cn/newslist/newsdetail/20240326001.htmlhttps://openai.com/index/sora/

“What I can not create, I do not understand” 

—Richard Feynman

Do they understand physics?



Data-driven generation AlphaFold3 Physics-based molecular dynamics

Fold by intuition vs fold by equation
Xt+1 = Xt +

·t

2
s(Xt, t) + ·t÷Both integrate Langevin dyanmics

The diûusion model may generate right 

conformations via unphysical pathways

Physical force ûelds may face diûculties 

in sampling rough energy landscapes

Shaw et al, Science 2010Abramson et al, Nature 2024

A B



Continuity equation

Fokker-Planck equation

∂p(X, t)

∂t
+ ∇ ⋅ [p(X, t)v] = 0

From ûow to diûusion model, and back

∂p(X, t)

∂t
+ ∇ ⋅ [p(X, t)(f− ∇ln p(X, t))] = 0

Maoutsa et al, 2006.00702, Song et al, 2011.13456 

Liu et al 2209.03003, Albergo et al, 2209.15571, Lipman et al, 2210.02747



A tale of three equations

Fokker-Planck equation (PDE)

xt+dt = xt + fdt + 2dt!(0,I)

Langevin equation (SDE)

∂p(x, t)

∂t
+ ∇ ⋅ [p(x, t)f] − ∇

2p(x, t) = 0

Maoutsa et al, 2006.00702 

Song et al, 2011.13456
(Another way to reverse the diûusion is 

via the reverse-time SDE Anderson 1982)

dx

dt
= f − ∇ln p(x, t) ≡ v

“Particle method” (ODE)



A tale of three equations

Fokker-Planck equation (PDE)

dx

dt
= f − ∇ln p(x, t) ≡ v

∂p(x, t)

∂t
+ ∇ ⋅ [p(x, t)(f − ∇ln p(x, t)] = 0

“Particle method” (ODE)

Maoutsa et al, 2006.00702 

Song et al, 2011.13456
(Another way to reverse the diûusion is 

via the reverse-time SDE Anderson 1982)

xt+dt = xt + fdt + 2dt!(0,I)

Langevin equation (SDE)



A tale of three equations

https://twitter.com/gabrielpeyre/status/1744962274018894292

SDE 

Diûusion model

ODE 

Flow model

PDE 

Fokker-Planck



A tale of three equations

https://twitter.com/gabrielpeyre/status/1744962274018894292

SDE 

Diûusion model

ODE 

Flow model

PDE 

Fokker-Planck



Lessons from diûusion models

https://cvpr2022-tutorial-diûusion-models.github.io/
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θ

Et∼U(0,T )Ex0∼q0(x0)Ext∼qt(xt|x0)||sθ(xt, t)�rxt
log qt(xt|x0)||
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xt

neural 

network

score of diffused 

data sample

<latexit sha1_base64="eNVMkJXCYevgI79ft3d7SQpc2DM=">AAACCXicbVC7TsMwFHV4lvIKMLJYFKSyVAmqgLESC2OR6ENqo8hxndaq4wT7BlGFriz8CgsDCLHyB2z8DUmbobQcydLxOffq3nu8SHANlvVjLC2vrK6tFzaKm1vbO7vm3n5Th7GirEFDEaq2RzQTXLIGcBCsHSlGAk+wlje8yvzWPVOah/IWRhFzAtKX3OeUQCq5Jr5zodwNCAw8P3kYu/A487FOi0XXLFkVawK8SOyclFCOumt+d3shjQMmgQqidce2InASooBTwcbFbqxZROiQ9FknpZIETDvJ5JIxPkmVHvZDlT4JeKLOdiQk0HoUeGlltqae9zLxP68Tg3/pJFxGMTBJp4P8WGAIcRYL7nHFKIhRSghVPN0V0wFRhEIaXhaCPX/yImmeVezzSvWmWqod53EU0CE6QmVkowtUQ9eojhqIoif0gt7Qu/FsvBofxue0dMnIew7QHxhfvxy/mdk=</latexit>

<latexit sha1_base64="1FJ2Efhg5qcTrvU55qAcEPfzByE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBqvgqiRSqsuCG5cV7APaECbTSTt0Mgkzk2IJ/RM3LhRx65+482+ctFlo64GBwzn3cs+cIOFMacf5tkobm1vbO+Xdyt7+weGRfXzSUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wucv97pRKxWLxqGcJ9SI8EixkBGsj+bY9iLAeB2H2NPedioFvV52aswBaJ25BqlCg5dtfg2FM0ogKTThWqu86ifYyLDUjnM4rg1TRBJMJHtG+oQJHVHnZIvkcXRpliMJYmic0Wqi/NzIcKTWLAjOZ51SrXi7+5/VTHd56GRNJqqkgy0NhypGOUV4DGjJJieYzQzCRzGRFZIwlJtqUlZfgrn55nXSua26jVn+oV5sXRR1lOINzuAIXbqAJ99CCNhCYwjO8wpuVWS/Wu/WxHC1Zxc4p/IH1+QN+q5Ir</latexit>

data 

sample
<latexit sha1_base64="1FJ2Efhg5qcTrvU55qAcEPfzByE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBqvgqiRSqsuCG5cV7APaECbTSTt0Mgkzk2IJ/RM3LhRx65+482+ctFlo64GBwzn3cs+cIOFMacf5tkobm1vbO+Xdyt7+weGRfXzSUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wucv97pRKxWLxqGcJ9SI8EixkBGsj+bY9iLAeB2H2NPedioFvV52aswBaJ25BqlCg5dtfg2FM0ogKTThWqu86ifYyLDUjnM4rg1TRBJMJHtG+oQJHVHnZIvkcXRpliMJYmic0Wqi/NzIcKTWLAjOZ51SrXi7+5/VTHd56GRNJqqkgy0NhypGOUV4DGjJJieYzQzCRzGRFZIwlJtqUlZfgrn55nXSua26jVn+oV5sXRR1lOINzuAIXbqAJ99CCNhCYwjO8wpuVWS/Wu/WxHC1Zxc4p/IH1+QN+q5Ir</latexit>

x0

<latexit sha1_base64="K9f83K2ay2t203lPpxdHLz4iHTs="></latexit>

<latexit sha1_base64="ON6f5QfBeJLr/8l+XY5R0c9FRgU="></latexit>

<latexit sha1_base64="yqYMfP/TZS8iKSBKV3tjLYmW+FM=">AAACDXicbVA9SwNBEN2LXzF+RS1tDhMhFgl3IaiNINhYKhgTyCXH3maSLNnbO3bnhHDkD9j4V2wsFLG1t/PfuIkpNPHBwOO9GWbmBbHgGh3ny8osLa+srmXXcxubW9s7+d29Ox0likGdRSJSzYBqEFxCHTkKaMYKaBgIaATDy4nfuAeleSRvcRRDO6R9yXucUTSSny96mvdD6mOneu6WoZOWPS7RdzroBYC0pI+7euznC07FmcJeJO6MFMgM137+0+tGLAlBIhNU65brxNhOqULOBIxzXqIhpmxI+9AyVNIQdDudfjO2j4zStXuRMiXRnqq/J1Iaaj0KA9MZUhzoeW8i/ue1EuydtVMu4wRBsp9FvUTYGNmTaOwuV8BQjAyhTHFzq80GVFGGJsCcCcGdf3mR3FUr7kmldlMrXBRncWTJATkkJeKSU3JBrsg1qRNGHsgTeSGv1qP1bL1Z7z+tGWs2s0/+wPr4Bi/Wmuw=</latexit>

<latexit sha1_base64="5csNGsgEGhWzfj3FRC5grPM/eNk="></latexit>

<latexit sha1_base64="ZwczRm8EwbKEv1uLVyn4USLA6f4="></latexit>

<latexit sha1_base64="pHOJjjRZ/AF3g89zy5Wdxt+YFhE=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBItQNyWRoi6LblxWsA9oQ5hMJ+3QySTOTNQS+yluXCji1i9x5984abPQ1gMDh3Pu5Z45fsyoVLb9bRRWVtfWN4qbpa3tnd09s7zfllEiMGnhiEWi6yNJGOWkpahipBsLgkKfkY4/vsr8zj0Rkkb8Vk1i4oZoyGlAMVJa8szyXbUfIjXyg/Rx6tknpZJnVuyaPYO1TJycVCBH0zO/+oMIJyHhCjMkZc+xY+WmSCiKGZmW+okkMcJjNCQ9TTkKiXTTWfSpdayVgRVEQj+urJn6eyNFoZST0NeTWUy56GXif14vUcGFm1IeJ4pwPD8UJMxSkZX1YA2oIFixiSYIC6qzWniEBMJKt5WV4Cx+eZm0T2vOWa1+U680LvM6inAIR1AFB86hAdfQhBZgeIBneIU348l4Md6Nj/lowch3DuAPjM8fuVSTAQ==</latexit> <latexit sha1_base64="Frtl7jj79vvBpy7yUIC/bT97H/4=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUmkqMuiG5cV+oI2hMl00g6dTOLMRC2xn+LGhSJu/RJ3/o1Jm4W2Hhg4nHMv98zxIs6UtqxvY2V1bX1js7BV3N7Z3ds3SwdtFcaS0BYJeSi7HlaUM0FbmmlOu5GkOPA47Xjj68zv3FOpWCiaehJRJ8BDwXxGsE4l1yzdVfoB1iPPTx6nbvO0WHTNslW1ZkDLxM5JGXI0XPOrPwhJHFChCcdK9Wwr0k6CpWaE02mxHysaYTLGQ9pLqcABVU4yiz5FJ6kyQH4o0yc0mqm/NxIcKDUJvHQyi6kWvUz8z+vF2r90EiaiWFNB5of8mCMdoqwHNGCSEs0nKcFEsjQrIiMsMdFpW1kJ9uKXl0n7rGqfV2u3tXL9Kq+jAEdwDBWw4QLqcAMNaAGBB3iGV3gznowX4934mI+uGPnOIfyB8fkD8FCTJQ==</latexit>

Continuous normalizing ûow still has GREAT potential!

Going beyond maximum likelihood estimation training (even if we can)

Break the loss into small pieces, sample them (kind of layer-wise training)
https://blog.alexalemi.com/

diûusion.html

The conditional trick (originated from denoising score matching Vincent 2011)



Lessons from diûusion models

<latexit sha1_base64="1FJ2Efhg5qcTrvU55qAcEPfzByE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBqvgqiRSqsuCG5cV7APaECbTSTt0Mgkzk2IJ/RM3LhRx65+482+ctFlo64GBwzn3cs+cIOFMacf5tkobm1vbO+Xdyt7+weGRfXzSUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wucv97pRKxWLxqGcJ9SI8EixkBGsj+bY9iLAeB2H2NPedioFvV52aswBaJ25BqlCg5dtfg2FM0ogKTThWqu86ifYyLDUjnM4rg1TRBJMJHtG+oQJHVHnZIvkcXRpliMJYmic0Wqi/NzIcKTWLAjOZ51SrXi7+5/VTHd56GRNJqqkgy0NhypGOUV4DGjJJieYzQzCRzGRFZIwlJtqUlZfgrn55nXSua26jVn+oV5sXRR1lOINzuAIXbqAJ99CCNhCYwjO8wpuVWS/Wu/WxHC1Zxc4p/IH1+QN+q5Ir</latexit> <latexit sha1_base64="GS205AhwIbESFdeXgSRcbzQfuPg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBqvgqiRS1GXBjcsKfUEbwmQ6aYdOJmFmUiyhf+LGhSJu/RN3/o2TNgttPTBwOOde7pkTJJwp7TjfVmljc2t7p7xb2ds/ODyyj086Kk4loW0S81j2AqwoZ4K2NdOc9hJJcRRw2g0m97nfnVKpWCxaepZQL8IjwUJGsDaSb9uDCOtxEGZPc79VMfDtqlNzFkDrxC1IFQo0fftrMIxJGlGhCcdK9V0n0V6GpWaE03llkCqaYDLBI9o3VOCIKi9bJJ+jS6MMURhL84RGC/X3RoYjpWZRYCbznGrVy8X/vH6qwzsvYyJJNRVkeShMOdIxymtAQyYp0XxmCCaSmayIjLHERJuy8hLc1S+vk851zb2p1R/r1cZFUUcZzuAcrsCFW2jAAzShDQSm8Ayv8GZl1ov1bn0sR0tWsXMKf2B9/gC1y5JP</latexit><latexit sha1_base64="AqTsPoJ8QRhCLsOZsLF1Tq44dYA=">AAAB+XicbVBNS8NAFHypX7V+RT16CVbBU0mkqMeCF48VbC20oWy2m3bpZhN2X4ol9J948aCIV/+JN/+NmzYHbR1YGGbe481OkAiu0XW/rdLa+sbmVnm7srO7t39gHx61dZwqylo0FrHqBEQzwSVrIUfBOoliJAoEewzGt7n/OGFK81g+4DRhfkSGkoecEjRS37Z7EcFREGZPsz5WDPp21a25czirxCtIFQo0+/ZXbxDTNGISqSBadz03QT8jCjkVbFbppZolhI7JkHUNlSRi2s/myWfOuVEGThgr8yQ6c/X3RkYiradRYCbznHrZy8X/vG6K4Y2fcZmkyCRdHApT4WDs5DU4A64YRTE1hFDFTVaHjogiFE1ZeQne8pdXSfuy5l3V6vf1auOsqKMMJ3AKF+DBNTTgDprQAgoTeIZXeLMy68V6tz4WoyWr2DmGP7A+fwDmy5Jv</latexit>

diffusion 

time
<latexit sha1_base64="cJsxGNpqK+W2GHDdEsl0q4vaP2c=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSp4KokU9Vjw4rGCaQttKJvtpl262YTdiVBKf4MXD4p49Qd589+4aXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4LvfbT1wbkahHnKQ8iOlQiUgwilbysWzRr1TdmjsHWSVeQapQoNmvfPUGCctirpBJakzXc1MMplSjYJLPyr3M8JSyMR3yrqWKxtwE0/mxM3JhlQGJEm1LIZmrvyemNDZmEoe2M6Y4MsteLv7ndTOMboOpUGmGXLHFoiiTBBOSf04GQnOGcmIJZVrYWwkbUU0Z2nzyELzll1dJ66rmXdfqD/Vq47yIowSncAaX4MENNOAemuADAwHP8ApvjnJenHfnY9G65hQzJ/AHzucPrGiNMw==</latexit>

t

diffused 

data
<latexit sha1_base64="AqTsPoJ8QRhCLsOZsLF1Tq44dYA=">AAAB+XicbVBNS8NAFHypX7V+RT16CVbBU0mkqMeCF48VbC20oWy2m3bpZhN2X4ol9J948aCIV/+JN/+NmzYHbR1YGGbe481OkAiu0XW/rdLa+sbmVnm7srO7t39gHx61dZwqylo0FrHqBEQzwSVrIUfBOoliJAoEewzGt7n/OGFK81g+4DRhfkSGkoecEjRS37Z7EcFREGZPsz5WDPp21a25czirxCtIFQo0+/ZXbxDTNGISqSBadz03QT8jCjkVbFbppZolhI7JkHUNlSRi2s/myWfOuVEGThgr8yQ6c/X3RkYiradRYCbznHrZy8X/vG6K4Y2fcZmkyCRdHApT4WDs5DU4A64YRTE1hFDFTVaHjogiFE1ZeQne8pdXSfuy5l3V6vf1auOsqKMMJ3AKF+DBNTTgDprQAgoTeIZXeLMy68V6tz4WoyWr2DmGP7A+fwDmy5Jv</latexit>

xt

neural 

network

score of 

diffused data 

(marginal)

<latexit sha1_base64="kKt1I9wmEayvuU79NVuOarHMCuE="></latexit>

min
θ

Et∼U(0,T )Ext∼qt(xt)||sθ(xt, t)�rxt
log qt(xt)||

2
2

<latexit sha1_base64="lasQkhSRqZJ3UMvYLrPV64XoiMI=">AAACFnicbVBNS8NAEN34WetX1aOXxSrUgyWRoh4LXjxWsB/QhLDZbtqlm03cnYgl5Fd48a948aCIV/HmvzFpe6itDwYe780wM8+LBNdgmj/G0vLK6tp6YaO4ubW9s1va22/pMFaUNWkoQtXxiGaCS9YEDoJ1IsVI4AnW9obXud9+YErzUN7BKGJOQPqS+5wSyCS3dGZL4gniJnZAYOD5yWPqQoptEfbxvQuVWfm06JbKZtUcAy8Sa0rKaIqGW/q2eyGNAyaBCqJ11zIjcBKigFPB0qIdaxYROiR91s2oJAHTTjJ+K8UnmdLDfqiykoDH6uxEQgKtR4GXdeZX6nkvF//zujH4V07CZRQDk3SyyI8FhhDnGeEeV4yCGGWEUMWzWzEdEEUoZEnmIVjzLy+S1nnVuqjWbmvl+vE0jgI6REeogix0ieroBjVQE1H0hF7QG3o3no1X48P4nLQuGdOZA/QHxtcvzEKfqA==</latexit>

<latexit sha1_base64="Ax9Lie9GJPh2vqJKM4XRKATCvsU=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBXqpiRS1GXBjcsK9gFtCJPppB06eThzI4ZQf8WNC0Xc+iHu/BsnbRbaemDgcM693DPHiwVXYFnfxsrq2vrGZmmrvL2zu7dvHhx2VJRIyto0EpHseUQxwUPWBg6C9WLJSOAJ1vUm17nffWBS8Si8gzRmTkBGIfc5JaAl16zcu1AbBATGnp89Tl04K5dds2rVrRnwMrELUkUFWq75NRhGNAlYCFQQpfq2FYOTEQmcCjYtDxLFYkInZMT6moYkYMrJZuGn+FQrQ+xHUr8Q8Ez9vZGRQKk08PRkHlMtern4n9dPwL9yMh7GCbCQzg/5icAQ4bwJPOSSURCpJoRKrrNiOiaSUNB95SXYi19eJp3zun1Rb9w2qs2Too4SOkLHqIZsdIma6Aa1UBtRlKJn9IrejCfjxXg3PuajK0axU0F/YHz+ALDNlA4=</latexit>

<latexit sha1_base64="pHOJjjRZ/AF3g89zy5Wdxt+YFhE=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBItQNyWRoi6LblxWsA9oQ5hMJ+3QySTOTNQS+yluXCji1i9x5984abPQ1gMDh3Pu5Z45fsyoVLb9bRRWVtfWN4qbpa3tnd09s7zfllEiMGnhiEWi6yNJGOWkpahipBsLgkKfkY4/vsr8zj0Rkkb8Vk1i4oZoyGlAMVJa8szyXbUfIjXyg/Rx6tknpZJnVuyaPYO1TJycVCBH0zO/+oMIJyHhCjMkZc+xY+WmSCiKGZmW+okkMcJjNCQ9TTkKiXTTWfSpdayVgRVEQj+urJn6eyNFoZST0NeTWUy56GXif14vUcGFm1IeJ4pwPD8UJMxSkZX1YA2oIFixiSYIC6qzWniEBMJKt5WV4Cx+eZm0T2vOWa1+U680LvM6inAIR1AFB86hAdfQhBZgeIBneIU348l4Md6Nj/lowch3DuAPjM8fuVSTAQ==</latexit> <latexit sha1_base64="Frtl7jj79vvBpy7yUIC/bT97H/4=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUmkqMuiG5cV+oI2hMl00g6dTOLMRC2xn+LGhSJu/RJ3/o1Jm4W2Hhg4nHMv98zxIs6UtqxvY2V1bX1js7BV3N7Z3ds3SwdtFcaS0BYJeSi7HlaUM0FbmmlOu5GkOPA47Xjj68zv3FOpWCiaehJRJ8BDwXxGsE4l1yzdVfoB1iPPTx6nbvO0WHTNslW1ZkDLxM5JGXI0XPOrPwhJHFChCcdK9Wwr0k6CpWaE02mxHysaYTLGQ9pLqcABVU4yiz5FJ6kyQH4o0yc0mqm/NxIcKDUJvHQyi6kWvUz8z+vF2r90EiaiWFNB5of8mCMdoqwHNGCSEs0nKcFEsjQrIiMsMdFpW1kJ9uKXl0n7rGqfV2u3tXL9Kq+jAEdwDBWw4QLqcAMNaAGBB3iGV3gznowX4934mI+uGPnOIfyB8fkD8FCTJQ==</latexit>

https://cvpr2022-tutorial-diûusion-models.github.io/

Continuous normalizing ûow still has GREAT potential!

Going beyond maximum likelihood estimation training (even if we can)

Break the loss into small pieces, sample them (kind of layer-wise training)
https://blog.alexalemi.com/

diûusion.html

The conditional trick (originated from denoising score matching Vincent 2011)



Lessons from diûusion models

Continuous normalizing ûow still has GREAT potential!

Going beyond maximum likelihood estimation training (even if we can)

Break the loss into small pieces, sample them (kind of layer-wise training)
https://blog.alexalemi.com/

diûusion.html

,x∼q(x) |s(x) − ∇xln q(x) |
2 = ,x∼q(x|x0)

,x0∼q0(x0)
|s(x) − ∇xln q(x |x0) |

2 + const .

Vincent 2011q(x) = + q(x |x0)q0(x0)dx0

The conditional trick (originated from denoising score matching Vincent 2011)



Flow matching

Liu et al 2209.03003, Albergo et al, 2209.15571, Lipman et al, 2210.02747

data distribution

p(x,1) = !(0,I) p(x,0) = q(x)

∂p(x, t)

∂t
+ ∇ ⋅ [p(x, t)u(x, t)] = 0

ground truth 

velocity ûeld

ℒ = ,t∼/(0,1),x∼p(x,t) v¸(x, t) − u(x, t)
2

base distribution

https://neurips.cc/virtual/2024/tutorial/99531



The “conditional” trick

∂p(x |x0, t)

∂t
+ ∇ ⋅ [p(x |x0, t)u(x |x0, t)] = 0

ℒ = ,t∼/(0,1),x0∼q(x0)
,x∼p(x|x0,t)

v¸(x, t) − u(x |x0, t)
2

Given a conditional  

continuity equation

We can learn the ground truth velocity by regressing on the conditional velocity 

Then, up to a constant, we have



Claim:

Proof:

p(x, t)u(x, t) = + p(x |x0, t)u(x |x0, t) q(x0)dx0p(x, t) = + p(x |x0, t) q(x0)dx0

ℒCFM = ℒFM + const .

ℒCFM = ,t∼/(0,1),x0∼q(x0)
,x∼p(x|x0,t)

v¸(x, t) − u(x |x0, t)
2

ℒFM = ,t∼/(0,1),x∼p(x,t) v¸(x, t) − u(x, t)
2

,x0∼q(x0)
,x∼p(x|x0,t)

v¸

2
= + dx0 + dxq(x0)p(x |x0, t) |v¸ |

2 = + dxp(x, t) |v¸ |
2 = ,x∼p(x,t) v¸

2

,x0∼q(x0)
,x∼p(x|x0,t) [v¸ ⋅ u(x |x0, t)] = + dx0 + dxq(x0)p(x |x0, t)[v¸ ⋅ u(x |x0, t)]

= + dxp(x, t)v¸ ⋅ u(x, t) = ,x∼p(x,t) [v¸ ⋅ u(x, t)]

where



x1 ∼ !(0,I) x0 ∼ q(x)

x = (1 − t)x0 + tx1

Causalizing linear interpolation with rectiûed ûow 2209.03003  

https://www.cs.utexas.edu/~lqiang/rectûow/html/intro.html

Examples of ûow matching

ℒ = ,t∼/(0,1),x0∼q(x0)
,x1∼!(0,I) v¸(x, t) − (x1 − x0)

2

u(x |x0, t) =
dx

dt
= x1 − x0p(x |x0, t) = ! ((1 − t)x0, t2)



x1 ∼ !(0,I) x0 ∼ q(x)

x = (1 − t)x0 + tx1

Causalizing linear interpolation with rectiûed ûow 2209.03003  

https://www.cs.utexas.edu/~lqiang/rectûow/html/intro.html

Examples of ûow matching

ℒ = ,t∼/(0,1),x0∼q(x0)
,x1∼!(0,I) v¸(x, t) − (x1 − x0)

2

u(x |x0, t) =
dx

dt
= x1 − x0p(x |x0, t) = ! ((1 − t)x0, t2)



Flow matching is all you need!

400x speedup compared to continuous normalizing ûow (Albergo et al, 2209.15571)

This framework contains various diûusion models as special cases

Fast generation with rectiûed transportation path (Liu et al 2209.03003)

Surpasses diûusion model on Imagenet in likelihood and sample quality 

(Lipman et al, 2210.02747)

Generalization to ûow on Riemannian manifolds (Chen et al, 2302.03660)

Part II Optimal transport and Riemannian geometry

The base distribution does not have to be Gaussian



https://twitter.com/michael_galkin/status/1711845455817261409



Demo: bounding free energy of classical Coulomb gas 

Z = ,x∼q(x) [e−³E(x)−ln q(x)]

Base density 

Gaussian samples

Target density 

Monte Carlo samples

ℒ = ,t∼/(0,1),x0∼!(0,I),x1∼exp(−³E)/Z x1 − x0 − v(x, t)
2

Interpolate samples to  

estimate free energy  

diûerences

ln q(x) = ln !(0,I) − +
1

0

∇ ⋅ vdt

https://colab.research.google.com/drive/1t-Vk37Axxp040B7uXFUNlk-zeCC2lcX3?usp=sharing

Jarzynski PRE ’02, see also likelihood-based training of ûows Wirnsberger et al, 2002.04913, 2111.08696



Generative AI for It

“It from Bit”, John Wheeler, 1989  
in Informaiton, physics, quantum: the search for links



Hamiltonian dynamics as symplectic gradient ûow

·p = −
∂H

∂q

·q = +
∂H

∂p

Hamiltonian equations

x = (p, q)

Phase space variables

Symplectic metric 

J = ( I

−I )

·x = ∇xH(x)J

Symplectic gradient ûow



Hamiltonian dynamics as symplectic gradient ûow

·p = −
∂H

∂q

·q = +
∂H

∂p

Hamiltonian equations

x = (p, q)

Phase space variables

Symplectic metric 

J = ( I

−I )

·x = ∇xH(x)J

Symplectic gradient ûow

1815 × 2646 



Symplectic Integrators

from Hairer et al, Geometric Numerical Integration 

J S

U
N

P

explicit Euler, h = 10

J S

U
N

P

symplectic Euler, h = 100



Canonical transformation for 

Moon-Earth-Sun 3-body problem

Charles Delaunay

More than 1800 pages of this, ~20 years of eûorts (1846-1867)
±

How to ûnd useful canonical transformations for more complex systems? 



Canonical transformations and deep learning

Z = '(X)

' = '1 ∘ '2 ∘ '3 ∘ ⋯

Compose symplectic layers to form a deep neural network 

 and learn them either from data or variationally without data

(∇X Z) ( I

−I ) (∇X Z)
T

= ( I

−I )
symplectic condition

X = (p, q) Z = (P, Q)
Change of variables



Canonical transformation deforms phase space density p(X) = e−³H(X)

Image from Arnold ’78 

Flow models are great at transforming probability densities

Canonical transformations and generative models



Neural Canonical Transformations

p

q

H(p, q)

 S
ym

p
le

ct
ic

  

F
lo

w

P

Q

K(P, Q) = 3
k

P2
k +Ë2

k Q2
k

2

physical space latent space

Li, Dong, Zhang, LW, PRX ’20 li012589/neuralCT 

See Bondesan et al 1906.04645, Ishikawa et al 2103.00372 for investigations on integrability

Learn harmonic frequencies of the base to identify slow collective modes 



• Linear transformation: Symplectic Lie group   

• Continuous-time ûow: Symplectic generating functions 

via Hamiltonian dynaics 

Sp(2n)

See also Bondesan, Lamacraft, 1906.04645

• Neural point transformations

Symplectic primitives

S
y

m
p

le
c

ti
c

  
N

e
u

ra
l 

N
e

tp

q

P = p (∇Qq)
Q = f(q)

Neural ODE, Chen et al, 1806.07366, Monge-Ampère ûow, Zhang et al 1809.10188

arbitrary invertible  

neural net
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Neural canonical transformation identiûes nonlinear slow modes

Li, Dong, Zhang, LW, PRX ‘20
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Neural canonical transformation identiûes nonlinear slow modes

Li, Dong, Zhang, LW, PRX ‘20



slow motion of the  

two torsion angles

Dimensional reduction to slow collective variables  

useful for control, prediction, enhanced sampling…

Φ Ψ

Ramachandran  

plot of stable  

conformations

check the paper 1910.00024, PRX ’20  for more examples & applications



Entering the  

quantum world



Quantum relative entropy

S (Ã | |Ã)

Density matrixProbability density

Kullback-Leibler divergence

23 (p | |q)

Neural canonical transformations

classical world  quantum world

Ãp

Unitary transformationSymplectic transformation

Li, Dong, Zhang, LW, PRX ’20 Xie, Zhang, LW, JML ’21 



Quantum relative entropy

Density matrixProbability density

Kullback-Leibler divergence

23 (p | |q)

Neural canonical transformations

S (Ã | |
e−³H

Z )

classical world  quantum world

Ãp

Unitary transformationSymplectic transformation

Li, Dong, Zhang, LW, PRX ’20 Xie, Zhang, LW, JML ’21 



Gibbs–Bogolyubov-Feynman-Delbrück–Molière

F[Ã] = Tr(HÃ) + kBT Tr(Ã ln Ã)min

Difficultie s i n Applyin g th e Variationa l 

Principl e t o Quantu m Fiel d Theories
1 

Richard P . Feynma n 

California Institut e o f Technolog y 

Pasadena , Californi a 91125 , U.S.A . 

Introductio n 

I'd lik e to talk on some work I did on the variationa l principl e in field theory . A t one 

time I thought tha t th e brut e force metho d of doing arithmeti c on the machine s will 

never ge t anywher e an d we will probabl y en d wit h somethin g mor e old-fashioned , 

i.e. som e analysi s plu s th e machine s t o hel p u s wit h th e analyti c equations , an d 

so I  trie d t o d o somethin g alon g thes e line s wit h quantu m chromodynamics . S o 

I'm talkin g o n th e subjec t o f th e applicatio n o f th e variationa l principl e t o fiel d 

theoreti c problems , bu t i n particula r t o quantu m chromodynamics . 

I'm goin g to giv e awa y wha t I  wan t t o say , whic h is tha t I  didn' t ge t anywhere ! 

I go t ver y discourage d an d I  thin k I  ca n se e wh y th e variationa l principl e i s no t 

very useful . S o I  wan t t o take , fo r th e sak e o f argument , a  ver y stron g vie w -

which i s stronge r tha n I  reall y believ e - an d argu e tha t i t i s no dam n goo d a t all ! 

Let u s revie w why th e variationa l principl e ha s gotte n a  good reputation . Let' s 

say you appl y it to somethin g like atoms or to simpl e problem s with a small numbe r 

of variables , usin g th e usua l analyti c method s t o ge t a  quantit y calle d th e tota l 

energy, a  quantit y whic h i s of direc t physica l significance . Th e energ y level s of 

atoms ar e ver y interesting , measurabl e quantitie s an d the y ca n be calculate d wit h 

accuracy. I t wa s note d tha t i f on e ha d a  wav e functio n whic h ha d som e measur e 

of error , sa y 10 percent , the n th e erro r in th e energ y woul d b e of orde r 1  percent . 

The erro r in th e energ y i s quadrati c i n th e erro r in th e wav e function . So , by no t 

having a  perfec t wav e function , yo u ca n stil l ge t ver y goo d value s fo r th e energ y 

and that' s wh y th e variationa l metho d ha s gotte n a  goo d reputation . Bu t i t ha s 

never bee n a  powerfu l wa y of getting , wit h accuracy , th e wav e functio n itself . 

Now I want t o tur n t o the othe r side , the applicatio n of the variationa l principl e 

to quantu m fiel d theor y in a  mor e or les s straightforwar d way . S o you writ e dow n 

a Hamiltonia n i n som e kin d of schem e an d the n yo u tr y t o fin d a  wav e functiona l 

1
 Transcript o f Professo r Feynman' s talk , take n by th e Editor s an d correcte d b y th e autho r 

28 

1transcript of Professor Feynman's talk in 1987 

Ã ?

The variational free energy principle

≥ F

energy variational density matrix  entropy 

Generative  

models !



“…it is no damn good at all!”

19871981

14318 citations 22 citations

“… it’s a wonderful problem, 

because it doesn't look so easy.” 
.because it doesn't look so easy.

Express

Learn

Sample



Many-body “base” states e.g. 

Fermi sea, Hartree-Fock states,  

harmonic crystal, … 

Learnable unitary transformation  

generated by point transformation 

Variational density matrices as generative models

Ã = 3
n

U |n⟩ pn ⟨n |U†

Learnable probabilistic model  

for ocuupation probability

ûow
JML ’22, SciPost Physics’23

VAN
PRL ‘19

See Cranmer et al 1904.05903 

Saleh et al, 2308.16468  

Siciliano et al 2407.03802

TrÃ = 1

Ã ≻ 0

Ã† = Ã
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Z

The physics of    ûow
Xie, Zhang, LW, JML ’22

⟨X |U |n⟩ = ⟨Z |n⟩ ⋅ det (
∂Z

∂X )
1
2

: unitary backûow between particle and quasiparticle coordinates  X ↔ Z

zi = xi+3
j≠i

·( |xi − xj | ) (xj − xi)e.g. backûow transformation Feynman & Cohen 1956 



Brown et al, PRL ’13 Restricted PIMC

Benchmarks on ûnite-temperature Coulomb gas  

rs = 10, T/TF=0.0625, N = 33

Xie, Zhang, LW, SciPost Physics ’23 
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see also Schoof et al PRL ’15, Malone et al PRL ’16 

b

β

0

Severe sign problem



ûow
materializes this dream 



Electron liquid  

thermodynamics  

JML ’22 and SciPost Physics ’23 PRL ’23 and PRB ’25

Anaharmonic quantum  

solid structure 

JCP ’24 and PRL ’25  

Dense hydrogen  

equaiton of state

The deep variational free energy approach

A computational framework taking in account of electron correlation, thermal 

eûect, and anharmonic lattices for free energy, entropy, and excitation spectra



F[Ã] = E − TS

Matter inverse design

Nature’s cost function

Exploiting intuitions in data

Variational free energy is ûnally practical

p(X |y) ∝ p(X)p(y |X)

Turning physics problems into stochastic optimization 

Leverages the deep learning engine

Generative AI for It


