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Generative models and their physics genes

Goodfellow,

NIPS tutorial, 1701.00160
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Normalizing flows

Parallel WaveNet 1711.10433 @ Glow 1807.03039
https:/deepmind.com/blog/high-fidelity-speech-synthesis-wavenet/ https:/blog.openai.com/glow
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Normalizing flow in a nutshell
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Flow model
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From flow to diffusion, and back

A unified perspective to transportation-based generative model



Physics intuition of normalizing flow

Li and LW, PRL ‘18
Li, Dong, Zhang, LW, PRX “20
Zhang, Wang, LW, JCP "24

for RG, canonical transformations,
and vibrational spectra
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Physical variables Collective variables

High-dimensional, composable, learnable, nonlinear transformations



Flow architecture design
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Example of a building block

Forward arbitrary Z< Z>
neural nets
AR ~ N\
Xs =250 €S(Z<) + t(z<) @
Inverse C

®

Z> = (X5 — H(x2)) @ ™) _ Y,

{ ©

LLog-Abs-Jacobian-Det X X

In |det (g—';) = Zi [S(Z<)]i Real NVP, Dinh et al,1605.08803

Turns out to have surprising connection Stormer—Verlet integration



Why is flow useful for physics?

b

74\ . .
/IN. Renormalization group

X1

Effective theory emerges upon Physics happens on a manifold
transformation of the variables  Train neural nets to unfold that manifold



Neural network renormalization group

Collective variables

Physical variables

L per site

Li, LW, PRL "18 lio1258¢9/NeuralRG
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Quantum version of the architecture

0) Multi-Scale
. . Entanglement

Renormalization

Ansatz

Entangled qubits



Connection to wavelets

Nonlinear & adaptive generalizations of wavelets
Guy, Wavelets & RG19g9g+ White, Evenbly, Qi, Wavelets, MERA, and holographic mapping 2013+



Demo: Classical Coulomb gas in a harmonic trap
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Continuous normalizing flows

0X
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Consider infinitesimal change-of-variables Chen et al1806.07366
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Continuous normalizing flows

0X
det
(%)

Consider infinitesimal change-of-variables Chen et al1806.07366

Inp(X)=InA(Z) — In
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e— 0 \/
d_X_v dlnp(X t)

dt dt



Fluid physics behind flows

Zhang, E, LW 1809.10188

AdX \ / wangleiphy/MongeAmpereFlow
Z P o d o Y.V “material
dInp(X, 1) 7 \ ~ dt ot derivative”
=—V.y
dt / Lagrangian v.s. Euler approach to fluid mechanics
op(X, 1)

~ + V- [pX,0v| =0

Simple density Complex density



Neural Ordinary Differential Equations

Residual network ODE integration
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Xip1 = X, +v(X) dX/dt = v(X)
Harbor el al 1705.03341

Lu et al 1710.10121,

Chen et al, 1806°O7366 E Commun. Math. Stat 17'...



Neural Ordinary Differential Equations

Residual network ODE integration

144 /

1 s
0= =570 ; 05 5
Input/Hidden/Output Input/Hidden/Output
X1 =X, + V(X)) dX/dt = v(X) Harbor el al 1705.03341

Lu et al 1710.10121,

Chen et al, 1806.07306 E Commun. Math. Stat 17'...



Continuous normalizing flows
implemented with NeuralODE

Chen et al, 1806.07366, Grathwohl et al 1810.01367

Target Densit Samples ,Vector Fueld
1% ///
Y.;‘Z:Z‘
IRy
N2
S

Continuous normalizing flow have no structural

constraints on the transformation Jacobian



Continuous normalizing flows
implemented with NeuralODE
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The two use cases

Zhang, E, LW, 1809.10188

Maximum likelihood estimation Variational free energy

“learn from data” “learn from Energy”

& = — Eggag | In p(x)] F=E [E(x) + kgT In p(x)]




From flow to diffusion model

Continuity equation P, D +V - [p(X, 0] =0
t
op(X, 1)
Fokker-Planck equation & — V. |pX,nf| -V pX,1) =

Fixed forward diffusion process

Data

Generative reverse denoising process

Vincent 2011, Sohl-Dickstein et al, 1503.03585, Song et al, 1907.05600 Ho et al, 2006.11239...



Diffusion models for protein structure
prediction and design

~ ~
" e Diffusion
@ e % %\ module
%k i J XL . | (3 +24 + 3 blocks) 5
3{: é i;‘é? ;‘,_5.' /f;g’ :ﬁ\ E E
b4 1323 S '
7 w £y Diffusion iterations
Ingraham et al, Chroma, Nature 2023 Abramson et al, AlphaFold3, Nature 2024

https:/generatebiomedicines.com/chroma https:/deepmind.google/technologies/alphafold/



Do they understand physics?
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https:/openai.com/index/sora/ http:/ai.ruc.edu.cn/newslist/newsdetail/20240326001.html

“What I can not create, | do not understand”
—Richard Feynman



Do they understand physics?
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Fold by intuition vs fold by equation

Both integrate Langevin dyanmics X,,, = X, + %s(Xt, 1) + \/ﬁte

Data-driven generation AlphaFold3

Abramson et al, Nature 2024

The diffusion model may generate right
conformations via unphysical pathways

Physics-based molecular dynamics

Shaw et al, Science 2010

Physical force fields may face difficulties
in sampling rough energy landscapes



From tlow to diffusion model, and back

op(X, 1)

Continuity equation V. [p(X, Hy| =

op(X, t

Fokker-Planck equation -+ V- |pX,0)(f-VinpX,n)| =0

Fixed forward diffusion process

Data

Generative reverse denoising process

Maoutsa et al, 2006.00702, Song et al, 2011.13456
Liu et al 2209.03003, Albergo et al, 2209.15571, Lipman et al, 2210.02747



A tale of three equations

LLangevin equation (SDE)

X, = X, +fdt +/2dt. ¥ (0,])

Fokker-Planck equation (PDE)

op(x, 1)
ot

+ V- [pGx,n)f| = Vp(x,1) =0

“Particle method” (ODE)

ax

—=f—Vinpx,t) =v
(Another way to reverse the diffusion is At f P (x, 1) Maoutsa et al, 2006.00702

via the reverse-time SDE Anderson 1982) Song et al, 2011.13456



A tale of three equations

LLangevin equation (SDE)

X, = X, +fdt +/2dt ¥ (0,])

Fokker-Planck equation (PDE)

op(x, t
p(x )+V
ot

- |p@.0(f = Vinpee,1) | =0

“Particle method” (ODE)
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—=f—Vinpx,t) =v
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A tale of three equations

PDE SDE ODE
Fokker-Planck Diffusion model Flow model

o e
o .
. o

Density p(t) Brownian motion Particles system

https:/twitter.com/gabrielpeyre/status/1744062274018804292
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PDE SDE ODE
Fokker-Planck Diffusion model Flow model

o e
o .
. o

Density p(t) Brownian motion Particles system

https:/twitter.com/gabrielpeyre/status/1744062274018804292




.essons from diffusion models

Continuous normalizing flow still has GREAT potential!

Going beyond maximum likelihood estimation training (even if we can)

https:/blog.alexalemi.com/

Break the loss into small pieces, sample them (kind of layer-wise training) diffusion html

The conditional trick (originated from denoising score matching Vincent 2011)

Y Y

min By s(0,7) Exomao (o) Bxi ~as (x 1x0) |86 (Xt 1) = Vi, 10g g1 (x:[x0) |3

diffusion data diffused data neural score of diffused
time ¢ sample X sample x; network data sample

https:/cvpr2022-tutorial-diffusion-models.github.io
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Continuous normalizing flow still has GREAT potential!

Going beyond maximum likelihood estimation training (even if we can)

https:/blog.alexalemi.com/

Break the loss into small pieces, sample them (kind of layer-wise training) diffusion html

The conditional trick (originated from denoising score matching Vincent 2011)

N

mgin ﬂtNu(Q?T) ‘LXtht (x+) ‘ |SH (Xt7 t) - vXt lOg di (Xt) ‘ |§

diffusion diffused neural score of
time ¢ data x; network diffused data
(marginal)

https:/cvpr2022-tutorial-diffusion-models.github.io




.essons from diffusion models

Continuous normalizing flow still has GREAT potential!

Going beyond maximum likelihood estimation training (even if we can)

Break the loss into small pieces, sample them (kind of layer-wise training)

https:/blog.alexalemi.com/

diffusion.html

The conditional trick (originated from denoising score matching Vincent 2011)

_xrvq(x) ‘ S(x) T Vxln Q(.X) ‘2 —

= x~q(x]x)

2
= o~aqo) | S0 — Vi Ing(x|xp) |~ + const.

q(x) = JCI(X | X0)qo(Xp)dxg Vincent 2011



Flow matching

px,1) = ¥ (0,I) ground truth p(x,0) = g(x)
base distribution velocity field 3 data distribution

op(x, 1)
ot

—>

+ V- |pGx, Hux, 0| =0

)
Z = E90.0)Ex~per.n |v9(x, 1) — u(x, t)|

Liu et al 2209.03003, Albergo et al, 2209.15571, Lipman et al, 2210.02747

https:/neurips.cc/virtual/2024/tutorial/gg531



The “conditional” trick

Given a conditional op(x ‘x()a 1)
continuity equation Ot

+ V- |p(x | xg, Du(x | x0,1)| =0

Then, up to a constant, we have

2
Z = E, 0.1 Exyeqtrg Expisisn | Yo®s 1) = w1 x0,1)|

We can learn the ground truth velocity by regressing on the conditional velocity



Claim: gCFM — gFM + const.

2
Whet‘e SZFM — _INCZ[(O,l) _pr(x,t) V@(x, t) — u(x, t) |

2
Zerm = B0 Exgmgoe) Exmpelg.s |v9(x 1) — u(x [ x, 1) |

p(x, 1) = Jp(x | X, 1) g(xXg)dxy  px, Hu(x, 1) = Jp(x | X0, D (x | xg, 1) g(x)dx,

Proof:

2
2 2
_xorvq(xo) _pr(x\xO,t) VH — deO deQ(xO)p(x ‘x()a t) ‘ vé’ | — J'dxp(xa t) ‘ v@ ‘ — _x~p(x,t) | VH

—X~q(xo) = x~p(x|x0,t) [VH ' u(x |x()9 t)] — de() JdXQ(x())p(x ‘x()a t) [VQ ' u(x ‘x(), t)]

— deP(x, t)ve - U(X, 1) = —x~p(x,1) [VG - u(X, t)]




Examples of flow matching

, dx
px|xy,t) =N ((1 — )Xy, t ) ux|xy,t) = ~ =X, — X,
/t\\ —U om0+
x; ~ N0, Xo ~ q(x)
2
Z =E, 0.1 = x0~q(xg) Ex, ~ N (0,1 VX, 1) — (X — X))

'

Causalizing linear interpolation with rectified flow 2209.03003

https:/www.cs.utexas.edu/~lgiang frectflow/html/intro.html
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Flow matching is all you need!

This framework contains various diffusion models as special cases

The base distribution does not have to be Gaussian

Fast generation with rectified transportation path (Liu et al 2209.03003)

400X speedup compared to continuous normalizing flow (Albergo et al, 2209.15571)

Surpasses diffusion model on Imagenet in likelihood and sample quality
(Lipman et al, 2210.02747)

Generalization to flow on Riemannian manifolds (Chen et al, 2302.03660)

Part II Optimal transport and Riemannian geometry
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Demo: bounding free energy of classical Coulomb gas

0
Z =E, 0.1 = o~ N (0,1 Cx ~exp(=BE)Z | ¥1 — X0 — v(x, t)|

1

Z=Ey e €O ngx) = Inp(0,0) - [ V - vdt
0

—

Interpolate samples to
estimate free energy

—— differences E——
Base density Target density
Gaussian samples Monte Carlo samples

https:/colab.research.google.com/drive/1t-Vk37Axxpo40B7uXFUNIk-zeCC2lcX3?usp=sharing
Jarzynski PRE "02, see also likelihood-based training of flows Wirnsberger et al, 2002.04013, 2111.08696
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Hamiltonian dynamics as symplectic gradient flow

Hamiltonian equations  Phase space variables  Symplectic gradient flow

X =(p,q)

oq Symplectic metric

1=%% ]:<—I I)




Hamiltonian dynamics as symplectic gradient flow

Kang Feng

Mengzhao Qin
Hamiltonian ec pace va : c gradient flow
V.1. Arnold = (P, QI Symplecnc V, H(x)J
) = — - Math ical i :
p g'gagggggfa ectic il Geometric

Mechanics L Algonthms for

Second Edition : (—I Ham“tonlan
Systems

&) Springer o FIRsmAGGE 2 Springer




Symplectic Integrators

explicit Euler, A = 10 symplectic Euler, h = 100

=

from Hairer et al, Geometric Numerical Integration



anonical transformation for
oon-Earth-Sun 3-body problem
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Charles Delaunay

More than 1800 pages of this, ~20 years of efforts (1846-1867)
How to find useful canonical transformations for more complex systems?



Canonical transformations and deep learning

Change of variables

X =(p,q)

Z = (P,Q)
(VxZ) (-1 I)<VXZ)T= (—1 I)

symplectic condition

etho
lllllllll

Symplectic

ﬁ;%e"t‘ﬁc

Algorithms for,

~ Hamiltonian
Systems

S v ey
Gerald Jay Sussman and Jack Wisdom
T FinsnAuRE D Springer v '

Compose symplectic layers to form a deep neural network
and learn them either from data or variationally without data



Canonical transformations and generative models ()

Canonical transformation deforms phase space density p(X) = e 7%

~ro
¥ e

Image from Arnold 78

Flow models are great at transforming probability densities



Neural Canonical Transformations

Li, Dong, Zhang, LW, PRX "20 lio12589/neural C'T
Pi+o;O;

K(P,Q) = )

k

H(p, q)

2

Symplectic
Flow

physical space latent space

Learn harmonic frequencies of the base to identify slow collective modes
See Bondesan et al 1006.04645, Ishikawa et al 2103.00372 for investigations on integrability



Symplectic primitives

- Neural point transformations

P=p( V)

0 = f(q) arbitrary invertible

)
B
02
2T
e 5
£ 3
N Z

neural net

Linear transformation: Symplectic Lie group Sp(2n)

Continuous-time flow: Symplectic generating functions

via Hamiltonian dynaics See also Bondesan, Lamacraft, 1006.04645
Neural ODE, Chen et al, 1806.07366, Monge-Ampere flow, Zhang et al 1809.10188



Li, Dong, Zhang, LW, PRX “20
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Neural canonical transformation identifies nonlinear slow modes



Li, Dong, Zhang, LW, PRX “20
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Neural canonical transformation identifies nonlinear slow modes



150

) "Ill. Ramachandran
slow motion of the ol ' plot of stable
two torsion angles a 8, conformations

0

¢

Dimensional reduction to slow collective variables

useful for control, prediction, enhanced sampling...
check the paper 1010.00024, PRX 20 for more examples & applications
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Neural canonical transformations

Li, Dong, Zhang, LW, PRX 20 Xie, Zhang, LW, JML "21

classical world

Symplectic transformation Unitary transformation

Probability density Density matrix

P P

Kullback-Leibler divergence Quantum relative entropy

KL (p|lq) S(pllo)




Neural canonical transformations

Li, Dong, Zhang, LW, PRX 20 Xie, Zhang, LW, JML "21

classical world

Symplectic transformation Unitary transformation

Probability density Density matrix

P P

Kullback-Leibler divergence Quantum relative entropy

KL (p|1q) S<p|\eZﬂH)




The variational free energy principle

Gibbs-Bogolyubov-Feynman-Delbriick-Moliere

min Flp| =Tr(Hp) + kzT Tr(plnp) = F

| | |
variational density matrix energy entropy
Difficulties in Applying the Variational p f)
Principle to Quantum Field Theories: .
Generative
Richard P. Feynman models !

itranscript of Professor Feynman's talk in 1987



1031 1037
14318 citations 22 citations

Simu]aﬁng Ph}’SiCS with Computers Difficulties in Applying the Variational

Principle to Quantum Field Theories!
Richard P. Feynman

Richard P. Feynman

“...it’s a wonderful problem,

: , , “...it is no damn good at all!”
because it doesn't look so easy.

Learn 1 Sensitivity to High Frequencies.

Express 2 Only Gaussian Trial States

Sample 3 We Still Have To Do a Functional Integral



Variational density matrices as generative models

L.earnable unitary transformation Learnable probabilistic model
generated by point transformation for ocuupation probability

vV flow VAN
JML 22, SciPost Physics'23 PRL 19
See Cranmer et al 1904.05903 Tro = 1 L )
Saleh et al, 2308.16468 P Many-body “base” states e.g.
Siciliano et al 2407.03802 pT> 0 Fermi sea, Hartree-Fock states,

P =P harmonic crystal, ...



The physics of vflow

Xie, Zhang, LW, JML 22

1

a 2
(X|Uln) = (7 |n) - |det { —
@ -z — =~
L particl = 3 s s
b & Y b &
X S = —F S C bt S 2
S = g = 5 =
o = o o =
@ 3 @ 3 @ 3
= - =

X < Z:unitary backflow between particle and quasiparticle coordinates

e.g. backflow transformation Feynman & Cohen 1956 7, = x;+ Z n(lx; —x;|)(x, —x)
JFi



Benchmarks on finite-temperature Coulomb gas
Xie, Zhang, LW, SciPost Physics "23

rs =10, T/Tr=0.0625, N = 33

—0.030 &

—0.090 - /

> ‘
asf Severe sign problem
~—_ | . ,
D _O 095 | Ts © (szgn) Effftac Etot
4.0 [0.0625| —0.00055(62)| —0.5(1) | —0.1023(7)

10.0/0.0625| —0.002(1) | —0.16(2) | —0.1010(1)

Brown et al, PRL 13 Restricted PIMC
see also Schoof et al PRL "15, Malone et al PRL '16

—0.100-




ANNALS OF PHYSIcS: 24, 63-88 (1963)

Point Transformations and the Many Body Problem™

M. EGerT anp E. P. (Gross

Brandeis University, Waltham, Massachuselts

An investigation 1s made of possible uses of many dimensional coordinate
transformations in the quantum many-body problem. The transformed Hamil-
tonian 18 quadratic in the momenta with a space dependent metrie. The original
potential energy undergoes alteration and an additional ‘“‘metrie’’ potential
energy appears. A relatively complete analysis of the transformed original po-
tential 1s made, and the coordinate transformation can be used to suppress
undesirable features of the original potential. For bosons one can attempt to
directly map a complete set of noninteracting states onto approximate eigen-
states of the system with interactions. Contact 1s made with a theory of weakly
interacting bosons. In the general case it emerges that a given transformation
uniquely fixes all the spatial correlation functions, which can be explicitly com-
puted. The extended point transform can then be used as a link between diverse
experimental quantities. The full use of the transformation to compute trom /
first prineciples requires adequate approximations to the Jacobian and the in- ﬂOW

verse transform. These problems are not studied.
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The deep variational free energy approach

Electron liquid Anaharmonic quantum Dense hydrogen
thermodynamics solid structure equaiton of state
JML 22 and SciPost Physics 23 JCP 24 and PRL "25 PRL 23 and PRB "23

A computational framework taking in account of electron correlation, thermal
effect, and anharmonic lattices for free energy, entropy, and excitation spectra



Generative Al for It

@ pX|y) x p(X)p(y|X) Matter inverse design

Exploiting intuitions in data

Variational free energy is finally practical

@ F [ﬂ] — F —TS§ Nature’s cost function

Turning physics problems into stochastic optimization
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