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Physics perspective Physics applications

- Autoregressive models - Crystalline materials design

- Flow models - Variational free-energy calculation



Probabilistic modeling with generative Al

p(X)

How to express, learn, and sample from a

pixels, words, atoms, ...

high-dimensional probability distribution ?

ChatGPT AlphaFold3



Discriminative Al is not enough

X pixels y: label

Vv (dog | pixels)

pixelsp

Deepdream:_http:/googleresearch.blogspot.ch/2015/06/inceptionism-going-deeper-into-neural.html



Bayes rule

posterior prior likelihood

pX|y) x p(X)p(y|X)

Inverse design Forward prediction




generative model p(X)

data X
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Two sides of the same coin

Generative modeling
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‘learn from data”

Mamixmum likelihood estimation

Z=—F

Inp(X)|

KL(data || p) VS

F =

Statistical physics

N W 2 (A

‘learn from energy”

Variational free energy

XNP(X)

K

(p e

—E/ kBT)

EX) + kgT Inp(X)|



Kullback-Leibler divergence

KL(z || p) = Z 2(X) [In 2(X) — In p(X)]
X

KL(z || p) =0
KL(z || p) =0 <= #(X) = p(X)

KL(z || p) # KL(p || )



[.earn from data

(X)) 2 5(X — d)

dedataset

mgn Kﬂ_(;f | p\g) — mein {[EXNdataset [_lnp H(X)] }

target  model Maximum likelihood estimation

The lower bound is the entropy of the dataset: complete memorization



Learn from energy
72'( X) o e—E/kBT

min KL(p, || 7) < min{ E [EX) + kyT In py(X)) }
v, f \ 0 X~py(X)

model  target Variational free energy

The lower bound is the true free energy: exact solution



Forward KL or Reverse KL ?

Maximum likelihood estimation Variational free energy
min [KL(data || pp) min KL(py || e %*s1)
0 v,
Mode covering Mode seeking
data
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Failure mode: hallucination Failure mode: local minima

Goodfellow et al, Deep Learning
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Boltzmann Variational Diffusion Born Flow

Machine Autoencoder Model Machine Matching
1035 2013 2015 2017 2022
Monte Carlo Variational Nonequilibrium  Tensor networks Fluid optimal
[sing model mean field thermodynamics Quantum circuits  transportation

on(X,t
p( )+
ot

V- |pX,0w| =0

Statistical, quantum, fluid, ... physics insights into generative models
Leverage the power of modern generative models for science


https://arxiv.org/abs/1610.02415
https://arxiv.org/abs/1802.02840

Generative models

Statistical physics

Log-likelihood

Energy function

Score function

Force

[L.atent variables

Collective variables

Partition function

Free energy calculation

Sampling

MD/MC




Boltzmann machines &

o —E(X)

pX) =

Z Ackley, Hinton,

Sejnowski, 1935




Boltzmann machines @

o—EX)

pX) =

Z Ackley, Hinton,

Sejnowski, 1935




Boltzmann machines @

o—EX)

pX) =

Z Ackley, Hinton,
Sejnowski, 1985

Generate

\ X ~ p(X)




Boltzmann machines @

o—EX)

pX) =

Z Ackley, Hinton,
Sejnowski, 1985

Generate

\ X ~ p(X)




2210.10313

Boltzmann machines @

o —EX)

(X) =
’ Z Ackley, Hinton,
m Sejnowski, 1085

GAUSSIAN-BERNOULLI RBMS WITHOUT TEARS &3

Renjie Liao* ', Simon Kornblith*, Mengye Ren”, David J. Fleet>*°, Geoffrey Hinton**°
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’_;taset [VQE] _XNI;(X) [VQE]




So, why bother ?
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Normalization ?

). pX)
X

Sampling ?
X ~ p(X)



The difficulty of normalization
-

Inform ti n Theory, Inferenc
andle ning Algorithms
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“Intractable” partition function Z
appears widely in machine learning and statistical physics (entropy and free energy calculation)



The diffhiculty of sampling

Adults computing the number 7 at the Monte Carlo heliport.

Direct sampling is generally difficult in high-dimensional space



Generative models and their physics genes

Tensor

Networks
Han et al, PRX ‘18

A

P Exphmt densn:y Impllclt den51ty _T_

Goodfellow, D ( X) Direct

NIPS tutorial, 1701.00160
/ / GAN

| M kov Ch
Tracta,ble densﬂ:y Approx1mate den81ty stk am

-Fully visible belief nets / \ GSN Qlfa“t}lm
-NADE | Circuits
"MADE Variational 'Markov Chain Liu et al PRA 18
-PixelRNN Variational autoeneoder Boltzmann machine +Diffusion models

-Change of variables o4 r
: +—9o—o ;m}: wﬂ
models (nonlinear ICA) a8 + ’
+ 9



Autoregressive model

pX) = p(x)pCo, [ x)p(xs | xq, X))+

a “..the murdereris ”

Normalization Sampling

X1 ™ P(x1)

Xy ™~ P(Xz‘xﬁ

Zp(xl) ZP(XQ | x1) Zp(x3 | X, X))+



Autoregressive models:
alphabets, actions, and atoms

A unified perspective to LLM, RL, and atomistic modeling



Implementation: autoregressive masks

Masked Autoencoder Germain et al, 1502.035009

A1

O— X,

Bit strings Xy )/52 Probabilities

X3 =0

A\

A3

p(x;) = Bernoulli(x,)  p(x, | x;) = Bernoulli(x,) p(x3]x1,x,) = Bernoulli(X;)

https:/github.com/karpathy/pytorch-made



Implementation: autoregressive masks

Mask convolutional kernel Mask self-attention matrix

Pixel CNN, van den Oord et al, 1601.06759 Causal transformer, Vaswani et al 1706.03762

0 255

A T, )
/7T v il
/ / olofo]0]o0 /%//// .




The autoregressive transformer
|| u
self |

LP
LP ’
QO & B
L L MLP J [

Masked attention matrix => lower triangular Jacobian matrix => autoregressive model
Great at capturing long-range dependence; friendly to backpropagation and GPUs
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Embedding

Transformers from scratch, https:/peterbloem.nl/blog/transformers



N N | picoGPT — wanglei@bright90:~ — vi gpt2_pico.py — 116x63

1 Import numpy as np

def gelu(x):
return 9.5 % x * (1 + np.tanh(np.sqrt(2 / np.pi) * (x + @

def softmax(x):
exp_x = np.exp(x - np.max(x, axis=-1, keepdims=True))
return exp_x / np.sum(exp_x, axis=-1, keepdims=True)

VoOoONODOPEWON

layer_norm(x, g, b, eps: float = l1le-5):

mean = np.mean(x, axis=-1, keepdims=True)

variance = np.var(x, axis=-1, keepdims=True)

return g * (x - mean) / np.sqrt(variance + eps) + b

linear(x, w, b):
return x @w + b

ffn(x, c_fc, c_proj):
return linear(gelu(linear(x, *xc_fc)), *xc_proj)

attention(q, k, v, mask):
return softmax(q @ k.T / np.sqrt(q.shape[-1]) + mask) @ v

mha(x, c_attn, c_proj, n_head):

X = linear(x, *kc_attn)

gkv_heads = list(map(lambda x: np.split(x, n_head, axis=-1), np.split(x, 3, axis=-1)))
causal_mask = (1 - np.tri(x.shapel[@], dtype=x.dtype)) * -1

out_heads = [attention(q, k, v, causal_mask) for q, k, v in zip(xgkv_heads)]

GPT2 in 60 lines of numpy

transformer_block(x, mlp, attn, 1n_1, 1n_2, n_head):
x = x + mha(layer_norm(x, *%ln_1), **attn, n_head=n_head)

https:/jaykmody.com/blo t-from-scratch

gpt2(inputs, wte, wpe, blocks, 1n_f, n_head):
x = wte[inputs] + wpel[range(len(inputs))]
for block in blocks:
x = transformer_block(x, *xblock, n_head=n_head)
return layer_norm(x, sxln_f) @ wte.T

generate(inputs, params, n_head, n_tokens_to_generate):

from tqdm import tqdm

for _ in tqdm(range(n_tokens_to_generate), "generat

logits = gpt2(inputs, *kparams, n_head=n_head

47 next_id = np.argmax(logits(-1])
48 inputs.append(int(next_id))
49 return inputs[len(inputs) - n_tokens_to_generate :]
50
51 main(prompt: str, n_tokens_to_generate: int = 40, model_size: str = "124M", models_dir: str =
52 from utils import load_encoder_hparams_and_params
53 encoder, hparams, params = load_encoder_hparams_and_params(model_size, models_dir)
54 input_ids = encoder.encode(prompt)
55 assert len(input_ids) + n_tokens_to_generate < hparams["'n_ctx"]
56 output_ids = generate(input_ids, params, hparams["n_head"], n_tokens_to_generate)
57 output_text = encoder.decode(output_ids)
58 return output_text
59
60 if __name__ ==
61 import fire
62 fire.Fire(main)
"gpt2_pico.py" 62L, 2330B




Test Loss

Scaling law of the loss function

N A— — [_ In p(X)] Kaplan, McCandlish, et al
X~dataset 2001.08301
/ 4.2
6- —— L=(D/5.4-1013)70.09 | 5.6 —— L=(N/8.8-10%3)70:07°
) 3.9 48
3.6 40,
4-
3.3 3.
3-
3.0
2.4
L = (Cmin/2.3-108)70.050
109 107 105 103 107! 10! 108 109 105 107 109
Compute Dataset Size Parameters
PF-days, non-embedding tokens non-embedding

“Predict resouces needed to sovle increasingly difficult tasks”
— Sam McCandlish at Aspen workshop “theoretical physics for machine learning” '19
https:/sites.google.com/view/phys4ml/home




Scaling Laws for Neural Language Models, Kaplan et al, 2001.08361
Scaling Laws for Autoregressive Generative Modeling, Henighan et al, 2010.14701

It 1s natural to conjecture that the scaling relations will apply to other generative modeling tasks with a
maximum likelihood loss, and perhaps in other settings as well. To this purpose, it will be interesting to
test these relations on other domains, such as images, audio, and video models, and perhaps also for random
network distillation. At this point we do not know which of our results depend on the structure of natural
language data, and which are universal. It would also be exciting to find a theoretical framework from
which the scaling relations can be derived: a ‘statistical mechanics’ underlying the ‘thermodynamics’ we
have observed. Such a theory might make it possible to derive other more precise predictions, and provide a
systematic understanding of the limitations of the scaling laws.

In the domain of natural language, it will be important to investigate whether continued improvement on the
loss translates into improvement on relevant language tasks. Smooth quantitative change can mask major

qualitative improvements: “more 1s different”. For example, the smooth aggregate growth of the economy
provides no indication of the specific technological developments that underwrite it. Similarly, the smooth
improvements in language model loss may hide seemingly qualitative changes in capability.

GPT-1 GPT-2 GP'T-3 GPT-3.5 GPT-4

2013 201Q 2020 2021 2022 2023



Emergent abilities: more is different

Wei et al, 2206.07682
https:/www.jasonwei.net/

—o— LaMDA —=— GPT-3 —¢— Gopher —&— Chinchilla - = = Random

—@— PaLM

(A) Mod. arithmetic (B) IPA transliterate  (C) Word unscramble (D) Persian QA blog/emergence
o0 o0 o0 o0
_ 40| 40 | SN < 40
S S - -
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60 [ 60 |
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Model scale (training FLOPs)



Are Emergent Abilities of Large Language Models a
Mirage?

2304.15004

Rylan Schaeffer, Brando Miranda, and Sanmi Koyejo

Computer Science, Stanford University

L
Accuracy(N) =~ py (single token correct)™™ ° kS — oxp ( — (IV/ c)o‘>

"The researcher’s choice of metric can nonlinearly and/or
discontinuously transform the error rate in a manner that causes the
model performance to appear sharp and unpredictable.”



Can LLM reason ?

Autoregressive language models are fast thinkers

/ System 1 System 2 \

ITHE NEW YORK TIMES BESTSELLER BO‘Of\
= —
~ = Fast ( _] Slow
T H/I NKING, 24

e— 7T e
FAST.. SLOW @@ Unconscious @u@ Conscious
o o
S @
Automatic Effortful
DANIEL @gﬁ ke

KAHNEMAN Everyday Complex
o o Decisions Decisions

Q%g Error prone [:/J ReliableJ




Fast thinkers rely on good intuitions
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RRAEE, L EERAE System 1 thinking in physics and math:
%, REZHAEHAILTRITE, BR

AERBEAE, SRR, getting answers quickly without lengthy calculations

“Never never calculate unless you already know the answer! —John Wheeler



Autoregressive model is more than language modeling

“Language” => token sequence => bitstream => ANYTHING

Speech: WaveNet 1609.03499 Image: Pixel CNN 1601.06759

L1 Ln

L2

Molecules: 1310.11347 Ising spins: 1809.10600

L 1 ¢ YRR Y




Autoregressive models for images

Reed et al, 1703.03664
Chen et al, PMLR "20, Esser et al, 2012.09841 Tian et al, 2404.02905, Li et al, 2502.17437

Next pixel (patch) prediction Next scale prediction

What is the suitable 1D ordering of 2D images ?



Autoregressive model for images
Han et al, 2408.08459

“Language” => token sequence => bitstream => ANYTHING

A fish home/test

testRLETSNOTE~-SZ5 ~>

00080060: ffd8 ffeb 4oue el1e1 ‘
86060010: 06660 0006 8066 0665 € S - I I
06606020: 0665 08607 180a 898a

00000036: 6fec 1017 1416 1d25
006000040: 1b23 1cl16 2326 2a29
00000850: 2d30 2d28 28FF 4301 -e-(e%()(...C...
OI l l ress 000000660: 076a 086a 281a 2828
00008070: 2828 2828 2828 2828 ccacccccocccacccc
00000880: 2828 2828 2828 2828 qqdqqqqdqqaqaqss C
00000090: 2828 2828 2828 2828 ccoccccocccccc. .

0600008a0: 6611 6862 0122 1101 "

600000b6: 81ff cyee 0082 0166 ©eee
8606600cO: 6666 6eee 0206 8763 esff ﬁ —
000006d0: cdee 4f1e 0165 e4e9 ese9 ..

8606066e08: 06483 08161 ed1l 1221 3141
000606F0: 0713 5161 9114 bl115 2333
000680160: 3652 6272 5373 elfd 1617
80000110: 2425 3455 4454 83a2 4564
000008120: ffcu4 801D 8101l 0666 06606
000608130: 0606 oeee edez @7ff cuee
g6eee14e: 3211 6166 e4e2 8363 es5e1
86060150: 0606 6601 1221 1341 5122
06000160: 3261 1442 8681 3334 dife
00660170: 52ff daee 8211 803f eefe6

. 600601860: 4PO6 15606 6608 6606 0623

westlake.jpeg

ipeg is a common lossy compression format for digital images
1) compute weights on predefined high-and-low frequency patches
2) throw away high-frequency weights; lossless compress low-frequency weights



Demo: Generative model of Sycamore data

° ° ° 2
Quantum chip bitstrings ~ | P(X) | Transformer
011110110100 pﬂ$m
100001111011 :ﬁg‘:
1®® 1 1@ 1 1@ 1 1 1 (Egaem)—

1001101000160
010100011000

010001000000

010101101100
100001111000
100101001001 o
001000001010 - ok

Can we fake the measurement of the sycamore quantum circuit by training a transformer?

W https:/colab.research.google.com/drive/11WaroqULkudKT?z2h2i5J6r EmA4wFKkoZ?usp=sharin




Generative Al for It
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Generative Al for matter engineering

Prediction p(y | X)

Generation p(X | y)

Chemical Control

space X variable y

Inverse molecular design using machine learning, Sanchez-Lengeling & Aspuru-Guzik, Science 18
Inverse design in search of materials with target functionalities, Zunger, Nature Reviews Chemistry ‘18



4

“an image of beautiful crystals in 16:

pixels ~ p(pixels | texts)




GPU hours used for training

10/

100

105

104

103

AlphaGo

2016

2017

2018

GPT3 Llama-2

Stable diffusion
GPT2 AlphaFold2

= Microsoft

FermiNet MatterGen

2010 2020 2021 2022 2023

Is there a bitter lesson ?

Llama-3

Grok-3

DeepeekV3

N Meta
Zeni et al, 2312.03687 CryStal'teXt'LLM

Gruver, et al, 2402.04379

2024

2025



“The biggest lesson that can be read from 70 years of Al research is that
general methods that leverage computation are ultimately the most effective”

—Rich Sutton 2019
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more data and compute more physics and symmetries
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How are crystals different from
languages/images/proteins ?
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We have much less crystal data

C

COMMON

CRAWL C‘. 1ICSD

Over 250 billionpages > 291,000 crystal structures

Data, compute, and parameters need to scale simultaneously Kaplan et al, 2001.08361
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PF-days, non-embedding tokens non-embedding



Space groups quantify Nature’s preference over symmetry

Wyckoff Positions of Group /a-3d (No. 230)
0 S 10 15 (%]

: koff  Site Coordinates
Multiplicity ">'¢
IL 1 | ey letter symmetry (0,0,0) + (1/2,1/2,1/2) +
(x,v,2) X+1/2,-y,z+1/2) (-x,y+1/2,-z+1/2) (x+1/2,-y+1/2,-2)
(z,x,y) z+1/2,-x+1/2,-y) (-z+1/2,-x,y+1/2) (-z,x+1/2,-y+1/2)
E’nmo i (y,2,X) y,z+1/2,-x+1/2) (y+1/2,-2+1/2,-X) (-y+1/2,-z,x+1/2)
Pziic - (y+3/4 x+1/4,-z+1/4) (-y+3/4,-x+3/4,-z+3/4) (y+1/4,-x+1/4,z+3/4) (-y+1/4 x+3/4,z+1/4)

(
(
(
(-
(-x+1/4,z+3/4, y+1/4) (-x+3/4,-z+3/4,-y+3/4) (x+1/4,-z+1/4 y+3/4)
(z+1/4,-y+1/4 x+3/4) (-z+1/4 y+3/4 x+1/4) (-z+3/4,-y+3/4,-x+3/4)
(

(

(

(

(

(

_ )
Fm5 m - (x+3/4,2+1/4,-y+1/4)
P )

- (z+3/4,y+1/4,-x+1/4

C2ic R IR (R (#0

—

x+1/2,y,-z+1/2) (x,-y+1/2,2+1/2) (-x+1/2,y+1/2,2)
%3/01010 (-z,X,-Y) z+1/2,x+1/2,y) (z+1/2x,-y+1/2) (z,-x+1/2,y+1/2)
CZIm (-y,-2,-X) y,-Z2+1/2 x+1/2) (-y+1/2,2+1/2,x) (y+1/2,2,-x+1/2)
Il.lmmm - (-y+1/4,-x+3/4,z+3/4) (y+1/4 x+1/4,z+1/4)  (-y+3/4,x+3/4,-z+1/4) (y+3/4,-x+1/4,-z+3/4)
ngm (-x+1/4,-z+3/4,y+3/4) (x+3/4,-z+1/4,-y+3/4) (x+1/4,z+1/4,y+1/4) (-x+3/4,z+3/4 -y+1/4)
ij —. (-z+1/4,-y+3/4 x+3/4) (-z+3/4 y+3/4,-x+1/4) (z+3/4,-y+1/4,-x+3/4) (z+1/4,y+1/4 x+1/4)
Cmcm (1/8,y,-y+1/4) (318 -y,-y+3/4) (7/8,y+1/2,y+1/4) (5/8,-y+1/2,y+3/4)
§ Pjﬂﬂ . (-y+1/4,1/8,y) (-y+3/4,3/8,-y) (y+1/4,7/8,y+1/2) (y+3/4,5/8,-y+1/2)
Pm m R§ Inorgo n'cs 48 : s g,/-gtwtws) (-y,-y+3/4,3/8) (y+1{2,y+1/4-1,7/8) (-y+1/2,y+3-/4,5!8)
~Y.y+3/4) (5/8,y,y+1/4) (1/8,-y+1/2,-y+3/4) (3/8,y+1/2,-y+1/4)
P6/mmm (y+3/4,7/8,-y) (y+1/4,5/8,y) (-y+3/4,1/8,-y+1/2) (-y+1/4,3/8,y+1/2)
Pbcq - . Dy space group (-y,y+3/4,7/8) (y.y+1/4,5/8) (-y+1/2,-y+3/4,1/8) (y+1/2,-y+1/4,3/8)
P21Im - (x,0,1/4) (-x+1/2,0,3/4) (1/4,x,0)  (3/4,-x+1/2,0)
R3C — (0,1/4,x) (0,3/4,-x+1/2) (3/4,x+1/4,0) (3/4,-x+3/4,1/2)

(x+3/4,1/2,1/4) (-x+1/4,0,1/8) (0,1/4,-x+1/4) (1/2,1/4,x+3/4)

PB:,Im P21 212‘ 48 f 2.

' om ' (-x,0,3/4) (x+1/2,0,1/4) (3/4,-x,0) (1/4,x+1/2,0)
Pn021 B (0,3/4,-x) (0,1/4,x+1/2) (1/4,-x+3/4,0) (1/4,x+1/4,1/2)
- PL/Inmm [ (-x+1/4,1/2,3/4) (x+3/4,0,3/4) (0,3/4,x+3/4) (1/2,3/4,x+1/4)
FL 3 m ...l (x,X,X) (-x+1/2,-%,x+1/2) (=x,x+1/2,-x+1/2) (x+1/2,-x+1/2,-X)
ILI mCm - | (x+3/8,x+1/4,-x+1/4) (-x+3/4,-x+3/4,-x+3/4) (x+1/4,-x+1/4 x+3/4) (-x+1/4x+3/4,x+1/4)
e ? - (=X,=X,=X) (x+1/2,%x,-x+1/2) (x,-x+1/2,x+1/2) (-x+1/2,x+1/2 %)

(-x+1/4 -x+3/4 x+3/4) (x+1/4 x+1/4 x+1/4) (-x+3/4 x+3/4 -x+1/4) (x+3/4,-x+1/4 -x+3/4)

(3/8,0,1/4) (1/8,0,3/4) (1/4,3/8,0) (3/4,1/8,0)
24 d 4. (0,1/4,3/8) (0,3/4,1/8) (3/4,5/8,0) (3/4,3/8,1/2)

WYCkOff POSitionS Of GrOup P1 (No_ 1) (1/8,1/2,1/4) (7/8,0,1/4) (0,1/4,7/8) (1/2,1/4,1/8)

(1/8,0,1/4) (3/8,0,3/4) (1/4,1/8,0) (3/4,3/8,0)
24 c 222 |(0,1/4,1/8) (0,3/4,3/8) (7/8,0,3/4) (5/8,0,1/4)
(3/4,7/8,0) (1/4,5/8,0) (0,3/4,7/8) (0,1/4,5/8)

Wyckoff| Site

. Multiplicity Coordinates 16 o sy |(1/8:1/8,18) (3/8,7/8,5/8) (7/8,5/8,3/8) (58,3/8,7/8)

Pl l S r ar e' letter |[symmetry ' (7/8,7/8,7/8) (5/8,1/8,3/8) (1/8,3/8,5/8) (3/8,5/8,1/8)
¢ eoe (0,0,0) (1/2,0,1/2) (0,1/2,1/2) (1/2,1/2,0)

1 (x,y,z) 19 a ok (3/4,1/4,1/4) (3/4,3/4,3/4) (1/4,1/4,3/4) (1/4,3/4,1/4)

https:/www.cryst.ehu.es/cryst/get_wp.html




Wyckoff Positions of Group Fm-3m (No. 225)

Multiplicity

Coordinates

(0,0,0) + (0,1/2,1/2) + (1/2,0,1/2) + (1/2,1/2,0) +

xy.z) (X-y.2) (XY-2) (X-Y.-Z)
zZxy) (z-x-y) (Z-xy) (-ZX-y)
y.zx)  (¥.ZX) (¥-Zz-X) (-¥:-Z.X)
(yx-z) (-¥:%-2) (yx2) (-y.x.2)
x.z7y) (xzy) (X-z-y)(x-2Y)
zy.x) (z-yx) (zyX) (-Z-y.-X)
(X-y,-Z) (Xy,-Z) (X-¥.2) (-X.y.Z)
(-Z,-X,-Y) (-Z,X,Y) (Z,X,-Y) (Z,-X,Y)
(¥%-z:X) (v-zX) (y.zX) (y.Z,-X)
(yx.z) (vx2) (yX-2) (¥-%,-2Z)
(-x-zy) (x-z-y) (xzy) (Xz-Y)
(-z,-y,x) (-z,y,-x) (Z,-y,-X) (Z,y,X)

(x,%,2) (-x,%X,2) (-X,X,-z) (X,-X,-2)
(z,x,X) (Z,X,X) (-z,x,X) (-Z,%,-X)
(x,z,x) (-x,z,-x) (x,-z,-X) (-X,-z,X)
(X,X,-Z) (-X,-X,-Z) (X,-%,Z) (-X,X,Z)
(x,2,-X) (x,z,X) (-X,~Z,~X) (X,~Z,X)
(Zz.x,x) (z,-x,x) (-z,x,X) (-Z,X,-X)

(O,Y,Z) (0,-y,z) (O,Y,'Z) (0,-y,-z)
(z,0y) (2.0-y) (-z0y) (-z0.-y)
(¥.2,0) (-%2.0) (y-z.0) (-y:-z.0)
(Y,O,-Z) (-y,O,-z) (y,O,Z) (-y,0,z)
(O,Z,-Y) (O,Z,Y) (0,-2,-Y) (O"st)
(Z,y,O) (Z,-y,O) (-Z,y,O) (-Z,-y,O)

(1lszDY) (112='yvy) (1/2!)’")’) (1l2="yl'Y)
(v, 172,y) (v,1/2,-y) (-¥,112,y) (-y,1/2,-y)
.y, 1/2) (-y.y,1/2) (y,-y,1/2) (-y.-y,1/2)

(0,y.y) (0,-y,y) (0.y.-y) (0,-y,-y)
(v.0.y) (v.0,-y) (-y.0.y) (-y.0,-y)
(Y!Y!o) ('y'yvo) (Y!'yio) ('ys'y’o)

(x,1/4,1/4) (-x,3/4,1/4) (1/4,x,1/4) (1/4,-x,3/4)
(1/4,1/4,x) (3/4,1/4,-x) (1/4,x,3/4) (3/4,-x,3/4)
(x,1/4,3/4) (-x,1/4,1/4) (1/4,1/4,-x) (1/4,3/4 X)

(X, %,X) (%,-%,X) (-%,X,-X) (X,=X,X)
(X,%,=%) (=X,=X,-X) (X,=X,X) (-X,X,X)

(x,0,0) (-x,0,0) (0,x,0) (0,-x,0)
(0,0,x) (0,0,-x)

(0,1/4,1/4) (0,3/4,1/4) (1/4,0,1/4) (1/4,0,3/4)
(1/4,1/4,0) (3/4,1/4,0)

(1/4,1/4,1/4) (1/4,1/4,3/4)

(112,12,1/2)

(0,0,0)

Copper




Wyckoff Positions of Group Fm-3m (No. 225)

Multiplicity

Coordinates

(0,0,0) + (0,1/2,1/2) + (1/2,0,1/2) + (1/2,1/2,0) +

xy.z) (X-y.2) (XY-2) (X-Y.-Z)
zxy) (z-xy) (Z-xy) (-Z.X-y)
(y,Z,X) (-y,z,-x) (y,'z,'X) (-y,-z,x)
(yx-z) (-¥:%-2) (yx2) (-y.x.2)
x.z7y) (xzy) (X-Z-y)(X-ZY)
(Z,y,-X) (Z,-y,X) (-Z,y,X) (-Z,-y,-X)
(X-y,-Z) (Xy,-Z) (X-¥.2) (-X.y.Z)
(-Z,-X,-Y) (-Z,X,Y) (Z,X,-Y) (Z,-X,Y)
(¥ZX) (Yz.X) (-¥.2X) (y.Z,X)
(yx.z) (vx2) (yX-2) (¥-%,-2Z)
(x-zy) (X-z-y) (xzy) (XZz-Y)
(-z-yX) (-Zy.X) (z-Y:-X) (Z.y.X)

(x,%,2) (-X,%,2) (-x,X,-Z) (X,-X,-Z)
(z,x,X) (Z,X,X) (-z,x,X) (-Z,%,-X)
(x,z,x) (-x,z,-x) (x,-z,-X) (-X,-z,X)
(X,X,-Z) (-X,-X,-Z) (X,-%,Z) (-X,X,Z)
(x,2,%) (-x,2,X) (-X,~Z,-X) (X,~Z,X)
(Zz.x,x) (z,-x,x) (-z,x,X) (-Z,X,-X)

0.y.z) (0-yz) (0.2) (0.-y-2)
(Z,O,y) (Z,O,-Y) (-Z,O,Y) (-Z,O,-Y)
(¥.2,0) (-%2.0) (y-z.0) (-y:-z.0)
(Y,O,-Z) ('Y,O,'Z) (Y!O!z) (-'y,O,Z)
(O:Z"Y) (O,Z,Y) (0-'zv'Y) (0,-Z,Y)
(Z,y,O) (Z,-Y,O) (-Z,y,O) (-Z,-y,O)

(172,y,y) (112,-yy) (1/2,y,y) (1/2,-y,-y)
(v,172,y) (v.1/2,7y) (-y,1/2,y) (-y,1/2,-y)
(Y-y'112) ('Y!Y!1,2) (yv'y!1,2) ('y!'yv1/2)

(0.y.y) (0,-y,y) (0.,y.-y) (0,-y,-y)
(¥,0.y) (¥.0,y) (-y.0.y) (-y.0,-y)
(v,y.0) (-y.y.0) (y.-y.0) (-y.-y.0)

(x,1/4,1/4) (-x,3/4,1/4) (1/4,x,1/4) (1/4,-x,3/4)
(1/4,1/4,x) (3/4,1/4,-x) (1/4,x,3/4) (3/4,-x,3/4)
(x,1/4,3/4) (-x,1/4,1/4) (1/4,1/4,-X) (1/4,3/4,X)

(X, %,X) (=X,%,X) (-X,%,-X) (X,=X,~X)
(X,%,=%) (=X,=X,-X) (X,=X,X) (-X,X,X)

(x,0,0) (-x,0,0) (0,x,0) (0,-x,0)
(0,0,x) (0,0,-x)

(0,1/4,1/4) (0,3/4,1/4) (1/4,0,1/4) (1/4,0,3/4)
(1/4,1/4,0) (3/4,1/4,0)

(1/4,1/4,1/4) (1/4,1/4,3/4)

(1/2,112,1/2)

(0,0,0 B



Wyckoff Positions of Group Fm-3m (No. 225)

Multiplicity

Coordinates

,

(0,0,0) +(0,1/2,1/2) + (1/2,0,1/2) + (1/2,1/2,0) +

xy.z) (x-y2) (XY:-2) (X-Y,Z)
Zxy) (Z-%-y) (Z-xYy) (-ZX-y)
¥:zx)  (¥.Z%) (¥-Z2-X) (-,-2.X)
¥x-2) (¥%-2) (yx2) (-y.x.2)
x.z-y) (x2z2y) (X-z-y)(X-2Y)
zyx) (Z-yx) (zyXx) (-Z-yX)
(Xy.-2) (XY:-Z) (X-y.2) (-Xy.2)
(-z-%-y) (-ZXxy) (Zx-y) (z-xy)
(¥zx) (¥-zX)  (-¥:.2X) (v.2,X)
(yx.2) (¥x2z) (yX-2) (y.-%-2)
(-x-zy) (X-z7y) (xzy) (XzZ:y)
(-Z-yX) (Y. X) (Z-Y-X) (Zy,X)

(x,%,2) (-x,%X,2) (-X,X,-z) (X,-X,-2)
(z,x,X) (Z,X,X) (-z,x,X) (-Z,%,-X)
(x,2,x) (-x,2,X) (X,-z,-X) (-X,-Z,X)
(X,X,-Z) (-X,"X,-Z) (X,-%,Z) (-X,X,Z)
(x,2,-X) (x,z,X) (-X,~Z,~X) (X,~Z,X)
(Zz.x,x) (z,-x,x) (-z,x,X) (-Z,X,-X)

(O,V,Z) (0,-y,z) (O,Y,-Z) (0,-y,-z)
(z.0y) (z.0,y) (-z0y) (-z.0.y)
(¥.2.0) (-v.2,0) (y-20) (-y.-z,0)
(y,O,-z) (-y,O,-z) (y,O,z) (-y,O,Z)
(O,Z,-Y) (O!ZvY) (0,-2,-Y) (0,-Z,Y)
(Z,y,O) (Z,-y,O) (-Z,y,O) (-Z,-y,O)

(1/21y'Y) (112='y'Y) (1/2!y1"Y) (112s'y"y)
(v,172,y) (v.1/2,7y) (-y,1/2,y) (-y,1/2,-y)
.y, 1/2) (-y.y,1/2) (y,-y,1/2) (-y.-y,1/2)

(0,y.y) (0,-y,y) (0.y.-y) (0,-y,-y)
(v.0.y) (v.0,-y) (-y.0.y) (-y.0,-y)
(y,y,O) ('y.Y.O) (Y!'yvo) (-y,-y,O)

(x,1/4,1/4) (-x,3/4,1/4) (1/4,x,1/4) (1/4,-x,3/4)
(1/4,1/4,x) (3/4,1/4,-X) (1/4,x,3/4) (3/4,-x,3/4)
(x,1/4,3/4) (-x,1/4,1/4) (1/4,1/4,-x) (1/4,3/4 X)

1XX) (X,%,X) (X,%,X) (X,X,"X)
1| 6X%) (%,7%,X) (X,-X,X) (X, X,X)

(x,0,0) (-x,0,0) (0,x,0) (0,-x,0)
(0,0,x) (0,0,-x)

(0,1/4,1/4) (0,3/4,1/4) (1/4,0,1/4) (1/4,0,3/4)
(1/4,1/4,0) (3/4,1/4,0)

(1/4,1/4,1/4) (1/4,1/4,3/4)

(112,1/2,1/2)

(0,0,0)




g Zhendong Cao, Xiaoshan Luo,

C rYStal FO rm e r O Jian Lv, and LW, 2403.15734

deepmodeling/CrystalFormer

Space Group Informed Transformer for Crystals

“225-a-L.a-0-0-0- -X-5.1-5.1-§.1-Q0-Q0-Q0”

“Grammar” ~ Solid state chemistry “Rhythm” ~ Wyckoft positions
Nature’s codebook for tokenization

discrete, pre-compression
“Idioms” ~ Coordination polyhedra

more data and compute ) more physics and symmetries

Not a large language model, nor a potential energy surface

“Synonyms” ~ Elememt substitution
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Compress material database into transformer parameters
The model has to gain chemical intuition for such compression
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Solid state chemistry as “n-gram” in the crystal language

Coordination polyhedra Lattices
Q: @ SG 227 Pb,Sb,0,
. Pyrochlore
o @
zg 2,
Polyhedra in Chemistry Regnault et al, catalogue of

Gongdu Zhou 2009 flat-band materials, Nature ‘22

Valence

“anions are in less symmetric

positions than cations”

OMﬂ'
Q"0 Q0
O" O:.vl
QO Qo - :
2 41 <2 +3 +4  +5 48
anions cations

Urusov and Nadezhina,
J. Struct. Chem. 2009



Crystals by intuition vs by minimization

Data-driven (system 1) Physics-based (system 2)
Chemical intuitions (e.g. Pauling rules) energy minimization

from compression
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Order parameters

&) P LLLNELN] R0, BaEHLL

CALYPSO, USPEX, ARISS,...

DVAE, M , Uni , DiffCSP, LLM...
C attergen, Unimat, DiffCSP, Crysta DPA. MACE. LASP, GNOME. ...



Autoregressive sampling of a crystal

CSzZﬂ Fe (CN)6



Autoregressive sampling of a crystal

CSzZﬂ Fe(CN)é | '

225-a-Fe-0-0-0-b-Zn-1/2-1/2-1/2-¢c-Cs-1/4-1/4-1/4-€-C-0.18-0-0-€-N-0.20-0-0-X-10.45-10.45-10.45-900-Q0-QO



Aside: autoregressive transformer for images

Esser et al, Taming Transformers for High-Resolution Image Synthesis (VQGAN), 2012.09841

Codebook Z Transformer

0 >

| 1, : p(s) = 11; p(sil|s<i)

N-2

.|I|I|||I
L J
<
L L
L J <

N-1

N

learned codebook, see also Tian et al, 2404.02905

CrystalFormer leverages Nature’s codebook: the Wyckoff position table



Bayes rule for materials inverse design

pX|y)

How to sample from p(X | v)? Two approaches originated in physics

VF

Markov chain Monte Carlo Variational inference
Metropolis et al, 1953, Hastings 1970 Gibbs, Feynman, Bogoliubow,..., Jordan et al 1999



MCMC sampling from the posterior

Generate more double perovskites A,BB’Og

225-a-| 7 |-0-0-0- -c-|?]-1/4-1/4-1/4-e-O-| ?]-0-0

L Py Solve crystal cloze test via MCMC

AX - X') =min |1,
- PXIY T sweep through the “crystal string”




Aside: Constrained sentence generation in languate modeling

(D Paris is located in France. - Deletion
. (2) Paris is located in France.
W(x) X PLN[(:L‘) - Constramt(:z:) (3) Paris located in France.
(4) Is Paris located in France?
A : date Accepted
“ e ot = |lective up
traverses the probabilistic 21 W  collem 7
: : >
space of high-quality sentences =
P s y 5 local update
more effectively” < 3)
E .
Miao et al, 1811.109096, Zhang et al, 2011.12334 Rejected >

Sentence edit space

The sequence length for inorganic crystals is ~100 with vocabulary size ~100
So, even naive Metropolis-Hastings with annealing works fine



Variational inference the posterior

KL (¢@0) | pX 1Y) = E —Inp(y | X)| + KL (¢(X)|Ip(X))
~({
1 I I
Variational Likelihood Dr
rior
probability function

qg(X) is easy to sample, e.g. another autoregressive model

Variational inference turns a sampling problem into a

stochastic optimization problem



Also known as: reinforcement fine-tuning

KL (¢ | pX 1)) = E —r(X)| + KL (¢(X)|lp(X))
~(
I 1 1
Fine-tuned Reward Remain close to
model function the pretrained model

“RL with KL penalties is better viewed as Bayesian inference” Korbar et al, 2205.11275



Two sides of the same coin

@ Post-training

() 832"\/\%0'\' ™ LLM X r(X)

Over 250 billion pagses "

@ Pre-training

learn from data learn from reward
to be a generalist to be a specialized generalist
7 = — Eggmgg |In p(X), = E [-rX)]+KL(¢X)|pX))
X~q(X)

KL(data || p) vS KL(qg || pe")



Reinforcement fine-tuning for materials design

(@) 10

Band gap E4 (eV)

00)

o))

Dielectric constant &¢tz

Base
RL
FoM=100

80

CrystalFormer-RL, Cao et al, 2504.02367

= [r0] + KL (¢@)lp(X)

X~q(X) A A
Reward Pretrained
Crystalformer

Reward = Band gap x dielectric constant

(Two usually anti-correlated properties)

8total == 2132 8t0tal - 2519

Eq =5.38eV 225-a-Sr-b-Ba-c-Cs-e-F 225-a-Pb-c-Cl-d-Li-e-Cl Eg = 4.64 eV
Epyu = 0.04eV/atom Cs,BaSrF, Li PbCl, Epyu = 0.08eV/atom



Nature tries to minimize free energy

F=E-15

energy entropy
"X X O : .‘
"X X g

"X X e

Fis a cost function given by Nature

The *same* cost function for training deep generative models



Variational autoregressive network for statistical mechanics

11 |

>

O)

—

D

-
Wrq.2

D

D

—
LL

11.4 |

11.6

Sherrington-Kirkpatrick spin glass

NMF
O Bethe
e VAN
— Exact

Objective function: variational free-energy

F = E(X) + kgT Inp(X)|
XNP(X)

Naive mean-field
factorized probability p(X) = Hp (xi)

Bethe approximation p( X) . Hp (X) H X)

pairwise interaction (.NeE p(x )p(x )

Variational autoregressive p(X) — H p(xi | x<i)

network

Wu, LW, Zhang, PRL '19

ithub.com/wdphyvi6/stat-mech-van




VAN for triangular Ising  Wu, LW, Zhang, PRL 19

F= E |EX)+kgT InpX) o
X~p(X)
® L=4 | =12
P L=606 ® L=14
L=28 ® L=16
L. =10

Residual entropy
(b) S/N = 0.323 Wannier 1950

o -
. - - L F. -

Hot configuration < 3 4 > Cold configuration

B = 1/kzT MacKay, 2006



VAN (aka RL) for 8-queens problem
= E |-rX)+ IngX)|

X~q(X)
knergy Entropy
exploitation exploration
a b C d = f g h
X: a sequence of actions ) &
a1—b7—c4—d6—e8—f2—g5—h3 : || 8 02
° 0y
12 14,200
> 5
Reward +(X) = { 1 ifno atFack 4 - =1 16 14,772,512
0 otherwise . 20 30,020,188,884
3
Policy network > Wy *4 227,514,171,973,730
28 227
q(X) = q(x))q(x, | xp)... '

Can you solve it ?



Autoregressive model blueprint

Ordering

Tokenization

Wyckoff Positions of Group Fm-3m (No. 225)

Multiplicity

Wyckoff
letter

Site

\ Coordinates

symmetry (0,0,0) + (0,1/2,1/2) + (1/2,0,1/2) + (1/2,1/2,0) +

192

x¥2)  (X-%2) (XY-2) (X-y,-2)
zxy) (Z-x-y) (Z-xYy) (-Zx-y)
y.zx)  (¥z%) (-z-X) (-y,-2x)
(¥x-2) (-%:%,-2) (¥,%x.2) (-y.x,2)
(xz7y) (xzYy) (X-z-y) (X-ZY)
@y (@Z-yx) (zyXx) (z-y-x)
(-Xy.-2) (Xyz) (X-¥.2) (xy.2)

(-z%7y) (Zxy) (Zx-y) (z-xy)
(-¥-Z2,X) (¥-zXx) (-¥.zX) (¥.z,-X)
(yx2z) (¥x2) (yx-2) (Y-X,-Z)
(xzy) (X-zy) (xzy) (-X2Z:-y)
(z-yX) (ZYX) (Z-Y-%) (2,y:X)

96

(X,%,2) (-%,-X,Z) (X,X,-Z) (X,~X,-Z)
(z,x,x) (z,-%,-X) (-Z,-%,X) (-Z,%,-X)
(%x,z2,x) (x,2,-X) (X,-2,-X) (-X,-z,X)
(X.%,2) (X,X,-2) (X,-X,Z) (-X,X,Z)
(x,2,X) (-X,Z2,X) (-X,~Z,-X) (X,-Z,X)
(z.x,-x) (z,x,%X) (-z,x,X) (-Z,X,-X)

96

(0.y.2) (0-y.2) (0.y,-z) (0,-y,-2)
(z.0y) (z.0,y) (-z0y) (-z,0,y)
(%.2,0) (-v.2,0) (v.-z,0) (-y.-z,0)
(¥.0,-2) (-.0,-2) (v,0,2) (-y.0,2)
(0,2-y)(0,2y) (0,-z,-y) (0,-2y)
(zy.0) (z-¥.0) (-zy.0) (-z-y,0)

48

m.m 2

(112,yy) (172,-yy) (112,y,y) (1/2,-y,~y)
(. 172,y) (v.1/2,-y) (-y,1/2,y) (-y,1/2,-y)
(.y.1712) (-y,y,1/2) (y:-y,1/2) (-y,-y,1/2)

48

m.m 2

(0.y.y) (0,y,y) (0.y,-y) (0,-y,-y)
(¥.0.y) (v.0,-y) (y.0,y) (-y.0.-y)
(¥.y.0) (-v:y.0) (¥:-y.0) (-y,-.0)

48

2mm

(x,1/4,1/4) (x,3/4,1/4) (1/4,x,1/4) (1/4,-x,3/4)
(1/4,1/4,) (3/4,1/4,-x) (1/4,x,3/4) (3/4,-%,3/4)
x,1/4,3/4) (-x,1/4,1/4) (1/4,1/4,-x) (1/4,3/4 )

32

.3m

XX (3X,7X,X) (=X,X,=X) (X,=X,=X)

24

4m. m

%,0,0) (%,0,0) (0,%,0) (0,-%,0)
(0,0.,X) (0,0,-%)

(

(x

(X,%,=X) (=%,-%,-X) (X,%,X) (-X,X,X)
: -

24

mmm

(0,1/4,1/4) (0,3/4,1/4) (1/4,0,1/4) (1/4,0,3/4)
(1/4,1/4,0) (3/4,1/4,0)

| -43m

](1/4,1/4‘1/4)(1/4.1/4‘3/4)

’ m-3m

[(2,112,112)

’ m-3m

[0.00)

®© O

Objective function Inference

Kl(data || p) vS KL(p || e EksT)



