LECTURE III

WKB METHOD AND TURNING POINT

The transition from the classical physics of the late nineteenth century to the quan-
tum mechanics of the early twentieth century is examplified by the problem of find-
ing uniformly asymptotic solutions of the Liouville-Green (WKB) equation.

A.F. Nikiforov and V.B. Uvarov

1. Introduction

Differential equations of the type

y'(2) + {Ma(z) + b(z) }y(z) = 0 (1.1)

arise frequently in mathematical physics, where A is a positive parameter.
We first consider the simplest case, in which a(x) is a real, positive, and twice
continuously differentiable function in a given finite or infinite interval (a1, a2).
We also assume that b(x) is a continuous real- or complex-valued function. Let

e~ [ w =/ (@)y(e). (1.2)
It is readily verified that under this transformation, equation (1.1) becomes
d?w

where

@) 1) | b)
6 3()  4a?(z) | az)
The change of variables from (x,y) to ({,w) is known as the Liouville trans-
formation.

If we discard ¢ in (1.3), then we obtain two linearly independent solutions
e, In terms of the original variables, we get

¥(&) = (1.4)

y(z) ~Aa 4 (z) exp{i)\/al/2(x)da:}

(1.5)

+ Ba~Y4(x) exp{—i/\/al/Q(w)dx},
where A and B are arbitrary constants. Equation (1.5) is known as the
Liouwville-Green approzimation, whereas physicists refer to (1.5) as the WKB
(or semiclassical) approzimation in recognition of the work of Wentzel (1926),



Kramers (1926) and Brillouin (1926). The contribution of these authors was,
however, not really the construction of approximation (1.5), but the connec-
tion of exponential and oscillatory approximations across a turning point, i.e.,
a zero of a(z).

In Sec. 2, we will give a rigorous proof of (1.5) from which one will learn a
basic argument frequently used to establish the validity of asymptotic solutions
to differential equations. From this proof, we will also see a double asymptotic
feature in the Liouville-Green approximation, that is, it sometimes holds either
as A\ — oo with x fixed, or as © — oo with A fixed. In Sec. 3, we introduce
the Langer transformation, and present a uniform asymptotic solution in
the neighborhood of a turning point. Sec. 4 deals with the case in which
the coefficient functions a(z) and b(z) in (1.1) have, respectively, a simple
and a double pole in the interval (aj,a2). The final section contains several
examples to illustrate the usefulness of the approximations obtained in the
previous sections. Most of the material for this lecture is taken from the
definitive book by Olver [8].

2. Successive Approximations

The most frequently used method to prove asymptotic results for differ-
ential equations is probably the method of successive approximations. In this
section, we shall illustrate this method by establishing the validity of (1.5). In
(1.3) we substitute

w(§) = ™1+ h(€)], (2.1)

and obtain

B! (€) + 127 (€) = =% (€)1 + h(&)]. (2.2)

We view (2.2) as an inhomogeneous second-order differential equation in h(§).
By the principle of variation of parameters, one can convert (2.2) into the
integral equation

1

¢ .
h(&) = —ﬁ/ {1 = 0} (0)[1 + h(v)]do, (2.3)

where « is the value of £ at x = a,a = ay or ag, and we assume « is finite. One
can easily verify that any solution of this integral equation is also a solution
of the differential equation (2.2).

Define ho(§) = 0 and

3 ,
hen©) =~z [ (=PI +hWlde (24

for s =0,1,2,---. Since |1 — ¢?M?=8)| < 2, we have |hi(€)] < $¥ (), where

13
w(E) = / [46(v)do. (2.5)



Suppose that for s = k, we have

k
() — hia(©)] < T (2.6)
Then, from (2.4) it follows that
P () — (g / {1 = O} (0) e (v) — by (W], (2.7)

Hence

I3 k+1
|hit1(€) — hi(€)] < ﬁ/a 1 (0) [T (v)dv = A:T(f)l)‘

By induction, (2.6) holds for all £ > 1. Since ¥ (&) is bounded when ¢ is finite,
the series

n—oo

h(€) = lm (&) =Y {her1(8) — hu(9)} (2.8)
k=0

is uniformly convergent on any compact &-interval. Taking the limit as n — oo
shows that h(§) is a solution of the integral equation (2.3), and hence a solution
of the second-order differential equation (2.2). To show that h(§) is twice
continuously differentiable, we note that (2.4) gives

£
€)= [ POy, (29)
and we have from (2.7)
£
hie1(6) = hi(s) = —/ PP () [k (v) = g1 (v)]do. (2.10)
Again since |1 — e?Xv=8)| < 2, by (2.6) we obtain
vE(E)

e (€) — ()\_m k=0,1,2,--,

which clearly shows the uniform convergence of the series > {hj_ (&) —hy,(€)}
in any compact interval. Furthermore, from (2.2) we have

ki1 (€) = hi(§) = —i2A[hg 11 (§) — My ()] = () [Pk (§) — hr—1(E)].

Uniform convergence of Y {hj (&) —hy(§)} is now evident, and h(§) is twice
continuously differentiable.

In summary, we have shown that equation (1.3) is satisfied by the function
w(§) in (2.1) with A(€) given by (2.8). Summation of (2.6) gives

@ < e{ ;¥ } -1 (2.11)



To express the result in terms of the original variables, we introduce the control

function
1 d /1 b
Fle)= /{a1/4 da? <a1/4> + al/? }dx (2.12)

Vao(F) = / P ))dt (2.13)

for the total variation of F' over the interval (a,z). It is readily verified that
V(&) = V,2(F). Hence, on account of (1.2), equation (2.1) can be written as

and the notation

yi(z) = a4 (x) exp{i / a'/?(x)dz}[1 4+ e (N, 2)] (2.14)
with .
ler(\, z)| < exp{XVa@(F)} -1 (2.15)

The same argument will yield the second linearly independent solution
() = =4 () exp{—iX / A 2(2)dd 1+ e\ 2)],  (2.16)

where e3(\, z) also satisfies (2.15), i.e.,

lea( A, 2)| < exp{%va’x(F)} —1. (2.17)

For fixed = and large A, the right-hand sides of (2.15) and (2.17) are both
O(A™1). Hence, a general solution to (1.1) has the asymptotic behavior given
in (1.5).

In (2.15) and (2.17), we can take a = a; and a = ag, respectively. If
Va, as(F) < 00, then the O-terms obtained from (2.15) and (2.17) are uniform
with respect to x.

The corresponding result for the equation

¥ (@) — {Na() + b(a)}y(x) = 0 (2.18)

is that we have two linearly independent solutions of the form
() = a= () explA / A 2(2)dz )1 + &1 (M, )] (2.19)

and
y2 (@) = a4 (z) exp{—A\ / a?(z)dz}[1 + ea (N, )], (2.20)



where

2\
If Vi, 40 (F) < 00, then (2.21) gives

lej(A x)] < exp{ivaj@(F)} -1 (1 =1,2). (2.21)

yj(z) = a4 () exp{(~1) /a1/2(93)d56}[1 +O(], (2.22)

j = 1,2, which holds uniformly for = € (a1, az).
The proof of (2.21) is very similar to that of (2.15). The integral equation
corresponding to (2.3) is

3
MO =55 [ 11— PO )1+ ho)ldv, (2.23)

where § = ay corresponds to = a;. Since { —v > 0, instead of the bound
1 — ?Mv=9)| < 2 used in proving (2.6), we can now use the estimate

0<1—eA=8 <1, (2.24)

As a result, we have the extra factor 1 in the total variation V,, »(F) in (2.21).
The result for j = 2 follows by replacing x in (2.18) by —z.

It is interesting to note that the error bounds in (2.21) can also be used
to give asymptotic properties of the approximations (2.19) and (2.20) in the
neighborhood of a singularity of the differential equation. Because of this
double asymptotic feature, the Liouville-Green approximation is indeed a re-
markably powerful tool for approximating solutions of linear second-order dif-
ferential equations. To illustrate our point, we let A = 1 in (2.18), and assume

that V,, 4, (F) < 0o and also
/al/Q(a:)dx — 00 as T —a,. (2.25)

Under these conditions, we shall show that the error term e;(x) := ¢;(1,z) in
(2.19) satisfies

e1(x) — a constant as T — as . (2.26)

This together with (2.19) shows that there is a solution y3(x) such that

ys(2) ~ a4 (z) exp{ / al/Q(x)d:U}, - (2.27)

Coupling (2.20) and (2.27), we obtain two linearly independent asymptotic
solutions as © — a .

We now proceed to prove (2.26). From (2.21), we know that e;(x) is
bounded in (aj,az). What (2.26) says is that €1 (z) does not oscillate infinitely



often as x — ag. In view of (2.25), we have aig = oo by (1.2). Since Vg, 4, (F') <
00, for any given £ > 0, there exists a positive number § € (aq,00) such that

| =<

Now assume that £ > 4, and subdivide the interval of integration in (2.9) at
0. Note that in the present case, A =1 and “i” is absent; cf. (2.23). Thus, we
have

5 ¢
[P (E)] < / A ()| dv +/5 [ (v)ldv < 207 (6) +e.

1

Similarly, from (2.10) and (2.6) we obtain

62(6—5)\I,k:+1(5) \Ifk(oo)
e+ D)2F ik

|11 (§) = PR (&)] <

for k > 1. The extra factor of 2=% comes from the fact that we use the estimates
in (2.24) for the case of eqution (2.18), instead of the bound |1 — e2*(v=9)| < 2
for the case of equation (1.1). From (2.8), it follows that

The first term on the right-hand side tends to zero as £ — oo, and since ¢ is
arbitrary, (2.28) implies that h/(§) — 0 as £ — .
With A =1 in (2.23), it can be verified by differentiation that

1

3
ME) = —5H(©) — 5 [ w1+ h)d. (229)

If we let

£ 3
Io(€) = / Sy, 1) = / B(0) {he(v) — by (0)}dv (k> 1),

1

then in view of (2.8) we can rewrite (2.29) as
1 1
h(&) = —5h'(€) = 5 > k(©). (2.30)
k=0

For £ > §, we have from (2.6)

vk ¢
06) WD) < Jrge [ W) F20. (@231
since ¥(¢) is an increasing function. Coupling (2.30) and (2.31) gives

1) ~ h(o)] < 5e¥O{U(E) ~ W)} + S IW(E) ~ K]



The right-hand side tends to zero as £ and § approach infinity independently.
Hence, h(£) must tend to a constant as & — oo; this completes the proof of
(2.26).

3. Turning Point Problem

The problem of finding asymptotic solutions to the differential equation
(2.18) becomes much more complicated, when the coefficient function a(z) has
a zero, say at £ = xq, in the interval (a1, a2). Such a point is known as a turning
point of the differential equation. In this case, there is an ambiguity in taking
the square root of the function a(x), and hence the Liouville transformation
(1.2) is not well-defined.

For definiteness, we assume that a(z) has the same sign as = — xq; i.e.,

a(xz)(x —x0) >0 for all x # xp. (3.1)

Instead of (1.2), we now make the change of variables

§C3/2 = f;o a(t)/2dt, xo <z,
2 3/2 o 1/2 (3:2)
5(_0 = [°[—a(t)]/?dt, x < X0,

and

w(() = (%)my. (3.3)

(%)2 = “(C‘T). (3.4)

The transformation (z,y) — ((,w) was first introduced by Langer [3], under
which equation (1.1) becomes

It is easily verified that

— = N+ 9O}, (3:5)

where

¢ ¢b(z)
16 a3(x) + a(z)’

Y(0) = 5672 + {Ha(2)d’ () — 5la' ()} (36)

If ¢ in (3.5) is neglected, then we have the Airy equation

d*w 9
az =N

two linearly independent solutions of which are the Airy functions Ai(A%/3()
and Bi(A%/3¢). Using the method of successive approximation, one can show,



as in Sec. 2, that equation (3.5) has twice continuously differentiable solutions
given by

yi(e) = a V@) [AIP) +er(A )],

3.7
ya(w) = a4 (@)[BIOAYC) + ea (N @), &7

where a(z) = a(x)/(; see (3.3) and (3.4). To give an estimate for the error
terms 1 (A, z) and e2(A, z), we first introduce the error-control function

¢
H(z) := —/0 |24 (v)dw. (3.8)

In terms of the original variable, it is equivalent to

Tl d2 1 b 5|a|l/?
i) = | {|a|1/4@<|a|1/4> " a2~ T61CF jor 39

0

The modulus function M (z) and the weight function FE(x) associated with the
Airy functions Ai(z) and Bi(z) are defined by E(x) =1 for —oco < z <,

E(z) = {Bi(z)/Ai(z)}"/?, ¢ << oo, (3.10)

and
M(x) = {E2($)Ai2(l') + E_2(:1:)Bi2(m)}1/2, (3.11)

where E~!(2) = 1/E(z) and ¢ denotes the negative root of the equation
Ai(z) = Bi(x)

with smallest absolute value. Numerical calculation has shown that ¢ =
—0.36605, correct to five decimal places. The modulus and the weight have
the well known asymptotic behavior

M(z) ~ 7 2|z 71/4, z — 00, (3.12)
and
E(x) ~ 272 exp<§x3/2>, x — +o00. (3.13)
The error terms &1 (), z) and e2(\, z) in (3.7) satisfy
]y\?(%,/gzw) O U {exp[uvz,(z;(ff)] _ 1} (3.14)
e 2o _ EOPBO [ [ wVay(H)
R e e R



where
p= sup {r|z|'?M>*(x)}=1.04---. (3.16)

(—O0,00)

The above method can be extended to the more general equation
y'(x) = Na(\, x)y(2), (3.17)
where a(\, x) has an asymptotic expansion

ai(r)  as(r)
NN

a(\, z) ~ ap(x) + +--- (3.18)
as |A\| — oo, and ap(z) has a zero z( in the interval (a;,a2). Applying the
Langer transformation (3.2) — (3.3) with a(x) replaced by ag(z), equation
(3.17) becomes

2w
Z? = {2+ A(C) + (A O, (3.19)
where we put a(x) = ag(z)/¢,
$(¢) = a1 (@) /a(x) (320)
and
2 (C)
$(A, ) ~ go o (3.21)
with (©) 1 2 1
P a2 — [ _—
Yold) = %0y ~ @A) 4 { a1/4<:c>} (322)

and 15(¢) = as12(¢)/a(¢) for s > 1. An asymptotic series solution to (3.19)
is given by

00 As
w(() ~Ai</\2/3C + A(II)/?)) > (f)
s=0

1 5\ 5.0 (3.23)
+ A <,\2/3§ + W) ;0 o
where ® = ®(() is defined by
1 (¢ ¢(v)

4. Simple Pole

Returning to equation (2.18), namely

Y'(@) = {Na(z) + b(z)}y(z), (4.1)
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we now assume that a(z) has a simple pole (say) at o and (z — x0)%b(z) is
analytic. For simplicity, we also assume that a(x) has the same sign as x — xg.
In this case, Olver [7] has introduced the transformation

Y2 = /w’ al/Q(t)dt, T > 10,
TO o (4.2)
(-2 = [ a) a2 <
and 12
d
w = <£> Yy (4.3)
which transforms (4.1) into the new equation
d*w A2
€z {4_C + T/J(Q}Uh (4.4)
where ) L
90 = o + 7 @) (45)

and a(z) = (d¢/dx)? = 4Ca(z). If b(x) has a simple or double pole at x¢, then

¥(¢) has the same kind of singularity at ¢ = 0. Denote the value of ¢2¢(¢) at
¢ =0Dby +(v? — 1), and write (4.4) in the form

2 2 2 _
d¢? 4¢ A ¢
with ¥(¢) = ¢¥(¢) — 1(¥* — 1)¢~!. Note that () is analytic at ¢ = 0. In
terms of the original variable, 1(v2 — 1) is the value of (z —z¢)?b(z) at = = x,
and

(4.6)

$(C) = 1—4v%  b(z)  4da(z)d’(z) — 5a"%(z)
o 16¢ 4a(x) 64a3(x)

The differential equation (4.6) has a regular singularity at ¢ = 0, and we

suppose that the range of ¢ is a real interval (ay, ) which contains ¢ = 0 and

may be unbounded. We consider separately the intervals [0, a2) and (a1, 0].
If the term v(¢)/( is neglected, then (4.6) becomes

d*w DI V|

R S T 4.

=it ) )
Two linearly independent solutions of (4.8) are /21, (A¢!/?) and (/2 K, (X¢Y/?).
It can be demonstrated, as in the previous sections, that if ¢~1/24(¢) is ab-

solutely integrable on [0, ag), then equation (4.6) has two linearly independent
solutions w1 (A, ¢) and wa (A, ) such that

(4.7)

wi(\, €)= AL ACH L+ o), (4.9)
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w2 (X, ¢) = CM2K, (ACYH)[1+ O, (4.10)

as |A\| — oo, where the O-terms hold uniformly with respect to ¢ € [0, aw).

When ( is negative, two linearly independent solutions of the reduced
equation (4.8) are |C[Y/2J,(A[¢]Y?) and |C|Y/2Y, (A[¢|'/?). Hence, if ¢~1/24(C)
is absolutely integrable on (aq, 0], equation (4.6) has two solutions

wi(A,¢) = [¢M2 LAY+ 0], (4.11)

wa(A,€) = [¢I2YL AL+ O], (4.12)
as |A\| — oo, which hold uniformly for ¢ € (aq,0].
5. Examples

As an illustration of the results obtained in Secs. 2-4, here we give three
concrete examples. The first one demonstrates that the Liouville-Green (WKB)
approximation is indeed a powerful tool for approximating solutions of linear
second-order differential equations. The second one provides a uniform as-
ymptotic approximation for the polynomials orthogonal with respect to the
weight exp(—x?1) on the real line. The final example deals with the Jacobi
function gpl(f"ﬁ) (t),t > 0.

Ezample 1. In an interesting paper [9] on a very abstract topic (namely,
Hardy fields), M. Rosenlicht considered solutions of the equation

y'(z) = a"y(x) (5.1)

as x — 00. In view of the rapid growth of the coefficient function 2% as x — oo,
it is really not easy to guess the large z-behavior of the solution y(x). Let us
try the results in Sec. 2, and choose A = 1,a(x) = 2* and b(z) = 0 in (2.18).
The control function F'(x) in (2.12) is given by

F(z) = % / [(1+ Inz)?z"/2 — 4g= (/2 dg,
Clearly, V; o (F') — 0 as x — oo. Hence, (2.20) gives the recessive solution

yo(z) ~ 2~ * exp <—/acx/2dx>, T — o0. (5.2)
A dominant solution is provided by (2.27), namely,

y3(x) ~ z~%*exp (/ xx/Qd:U>, T — 0. (5.3)

An asymptotic expansion of the integral [ 2%/2dz: can be obtained by integra-
tion by parts.
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Ezample 2. In [6], Nevai has studied the asymptotic behavior of the or-
thogonal polynomials

Pn(@ = 'Ynxn + ’Ynflxn_l +- Tn >0, (54)

associated with the weight function exp(—2%) on the real line R. These poly-
nomials satisfy the recurrence relation

Tpn(T) = any1Pn+1(x) + anpn—1(x), n=01,---, (5.5)

with po(z) = 70 > 0 and pi(x) = vox/a1. The coefficients a,, are determined
successively from the equation

n:4a’i(ai+l+a%+ai—l)7 n = 1727"' ) (56)

where a3 = 0 and a = I'(3)/T'(3). A two-term asymptotic expansion for a,
has been given by Lew and Quarles [4]. They showed that

) n\ /2 1 1

on(z) = a%url +ap + a2, (5.8)
then Shohat [10] and Nevai [5] independently showed that the function

If we let

1'4

£0) =m0 exp (-5 5.9)
satisfies the differential equation
2"+ f(n,z)z =0, (5.10)

where

fln,z) = 4@721[4¢n(x)¢n,1(:1:) +1-— 4a%x2 — 4zt — 2x2d>n(:1:)_1]

5.11
— 425 — 4z, ()7 = 32%pp(x) 7L 4 622 + ()7L (5.11)
If we make the change of variable
1/4 : 4n
x=XA""w with A= 3 (5.12)
then equation (5.10) becomes
d*z 9 ar(w)  az(w)
W =\ CLO(’IU)+ \ + )\2 =+ - z, (513)
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where ag(w) = (4w’ —3w? — 1) = 2w? +1)?(w? — 1), a1 (w) = —(1 +2w?) and

20w* — 64w? + 17

0(1 + 2u?)? (5.14)

az(w) =

Since ap(w) vanishes at w = +1, we have exactly the extended form of the
turning point problem mentioned in (3.17) — (3.18), and the result (3.23) can
be applied. The details of this study is given in [1].

Ezxample 3. Let a, 8 and p be real numbers with ¢ > 0 and o £ —1, -2, - - -.
The Jacobi function is defined by

1 1
wga’ﬁ)(t) =oF §(a+ﬁ+ 1—ip), i(a—i-ﬂ—i- 1+4ip); a4+ 1; — sinh? t] (5.15)

for t > 0, where 2F}(a, b;c; z) is the Gaussian hypergeometric function. This
function is related to the Jacobi polynomial
MNa+n+1) "

1
(z) =oFy —n,n+o¢+ﬁ+1;a+1;2(1—$)} (5.16)

The last formula furnishes the extension of the polynomial pieP) () to arbi-
trary values of the degree n. From (5.15) and (5.16), it is evident that

L(a+ DI (5(ip—a—B+1))
(@.5) (4) = 2 pled) h 2t 5.17
QOM ( ) F(%(Z/,L + o — ,6 + 1)) E(i,u,fafﬁfl)(cos )7 ( )

and for this reason, @&a’ﬁ ) (t) is called the Jacobi function.

It is known that go,(f"’g ) (t) is the unique, even, C*°-function on R which

satisfies

V" (t) + [(2a.+ 1) coth t + (23 + 1) tanh t]v’ ()

+ [+ (a+ B+ 1)%u(t) =0 (5.18)
and v(0) = 1; see [2, p.2]. If we set
u(t) = (sinh£)°*2 (cosh )7+ 7 (0 (1), (5.19)
then it is easily verified that
12 1 _ g2
u"(t) + {/ﬁ + gi;hgt - joghf . }u(t) = 0. (5.20)

When a > —3, we also have u(0) = 0.
To apply the asymptotic theory of Olver discussed in Sec. 4, we restrict
ourselves to the case o > 0 and introduce the new variables

(=) =t, ¢ <0; W(C) = (—¢)Tu(b). (5.21)
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The transformed equation is given by

EW [ a’=1  $(Q)
d—CQ— {E"F 4<2 +T}W(C), ¢ <0, (5.22)
where 1 % 2 % 2 i B 52
B — . 5.23
v 4{ ¢ " [sinhQ(—C)% coshQ(—C)J} (5:23)

Note that () is analytic at ¢ = 0.
For negative (, equations (4.11) and (4.12) give two asymptotic solutions
to (5.22), one involving the Bessel function J,(uy/—¢) and the other involving

Yo (uv/—C). To identify the function (—C)%u(t) in (5.21) with one of these two
solutions or a linear combination of them, we note that from (5.19) and (5.21)
we have

(—O)Fu(t) ~ (—¢)@t/2, (-0 (5.24)

Since Jo(x) ~ (x/2)*/T'(a 4+ 1) for x near zero, it follows from (4.11) and
(5.21) that

ZO‘F(OJ + 1) 1

(sinh £)°*3 (cosh £) 3 p(@) (1) ~ ot alut); (5.25)

for details, see [11].

References

1. Bo Rui and R. Wong, A uniform asymptotic formula for orthogonal polynomials
associated with exp(—z*), J. Approx. Theory 98 (1999), 146-166.

2. T. H. Koornwinder, Jacobi functions and analysis on noncompact semi-simple
Lie group, in “Special Functions: Group Theoretical Aspects and Applications”,
R. A. Askey, T. H. Koornwinder, and W. Schempp, eds., D. Reidel, Dordrecht,
Holland, 1984, 1-85.

3. R. E. Langer, The asymptotic solutions of ordinary linear differential equations
of the second order, with special reference to a turning point, Trans. Amer.
Math. Soc. 67 (1949), 461-490.

4. J. S. Lew and D. A. Quarles, Jr., Nonnegative solutions of a nonlinear recur-
rence, J. Approx. Theory 38 (1983), 357-379.

5. P. Nevai, Orthogonal polynomials associated with exp(—z?), in “Second Edmon-
ton Conference on Approximation Theory”, Can. Math. Soc. Conf. Proc. 3
(1983), 263-285.

6. P. Nevai, Asymptotics for orthogonal polynomials associated with exp(—x*),
SIAM J. Math. Anal. 15 (1984), 1177-1187.

7. F. W. J. Olver, The asymptotic solution of linear differential equations of the
second order in a domain containing one transition point, Philos. Trans. Roy.
Soc. London Ser. A249 (1957), 65-97.

8. F. W. J. Olver, Asymptotic and Special Functions, Academic Press, New York,
1974. Reprinted by A. K. Peters, Wellesley, 1997.

9. M. Rosenlicht, Hardy fields, J. Math. Anal. Appl. 93 (1983), 297-311.



15

10. J. Shohat, A differential equation for orthogonal polynomials, Duke Math. J. 5
(1939), 401-417.

11. R. Wong and Q.-Q. Wang, On the asymptotics of the Jacobi function and its
zeros, SIAM J. Math. Anal. 23 (1992), 1637-1649.



