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Abstract

Deep learning based on structured deep neural networks has provided pow-
erful applications in various fields. The structures imposed on the deep neural
networks are crucial, which makes deep learning essentially different from clas-
sical schemes based on fully connected neural networks. One of the commonly
used deep neural network structures is generated by convolutions. The pro-
duced deep learning algorithms form the family of deep convolutional neural
networks. Despite of their power in some practical domains, little is known
about the mathematical foundation of deep convolutional neural networks such
as universality of approximation. In this paper we propose a family of new
structured deep neural networks, deep distributed convolutional neural net-
works. We show that these deep neural networks have the same order of
computational complexity as the deep convolutional neural networks, and we
prove their universality of approximation. Some ideas of our analysis are from
ridge approximation, wavelets, and learning theory.
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1 Introduction and Main Result

The classical (shallow) neural networks to approximate functions or process data on
R¢ take the form

N
fu(z) =) ero([wl -z — by). (1.1)
k=1
Here x := (x1,22,...,24)7 € R? is the vector of input variables, ¢ : R — R is an

activation function, N is the number of neurons, and {[w]; € R%, b, € R, ¢}, € R} are
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parameters corresponding to weights, biases (or thresholds), and coefficients, with
[w]; -  being the dot product in R?. Approximation of functions on subsets of R?
by the shallow neural networks (1.1) was studied well in a large classical literature
in the late 1980s, which is described in the survey [23] and references therein. A
particular research problem called universality of approximation is to consider
when a neural network of the form (1.1) can approximate any continuous function
on any compact subset of R? to an arbitrary accuracy when N is large enough, see
[6, 13, 1, 16, 21] and references therein.

Approximation by the neural networks (1.1) has been extended to a setting with
multi-layer neural networks in the 1990s. A multi-layer neural network with J hidden
layers of neurons {h\9) : R? — R%}/_, with widths {d;} is iteratively generated as

WO () = (o[l - h0D (@)~ (1.2)
where h9(z) = 2 € R, dy = d and {[w];; € ]Rdﬂ'*l,bz(»j) € R} are free parameters.
The last hidden layer produces output functions of the form fy(z) = c¢-h\/)(x) with
¢ € R%. The multi-layer neural network (1.2) is reduced to (1.1) when J = 1,
and its universality and approximation properties have also been well studied in the
literature [13, 21, 3, 4, 5].

A key point to ensure the universality of the neural networks (1.1) or (1.2) is
the complete freedom in taking the weights {[w];} in (1.1) or {[w];;} in (1.2), and
these neural networks are called fully connected because of this feature. From
the fully connectedness one can easily calculate the number of free parameters of
weights: dN in (1.1) and Z;le d;jd;j_y in (1.2), very large when the dimension d
is high, which makes these neural networks hard to implement for some practical
applications dealing with big data in huge dimensions.

Great progress on artificial intelligence has been made after deep learning was in-
troduced [14]. A basic idea of deep learning is to reduce the computational complexity
of the multi-layer neural networks involving too many free parameters by imposing
architecture designs and applying error-correction tuning methods in graphics pro-
cessing units such as backpropagation and stochastic gradient descent for computing
feasible and satisfactory solutions [9, 12, 15]. These special structured multi-layer
neural networks, called deep neural networks, have led to practical success of
the scalable deep learning algorithms. There have been many deep architectures
proposed for various domains of applications and developments of the correspond-
ing efficient deep learning systems for modelling deep abstractions from big data.
One important deep architecture is deep convolutional neural networks (DC-
NNs) which have provided powerful applications in domains like computer vision.
Compared with their success in practical applications, very little is known about the
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approximation properties of DCNNs [2, 22, 17] and there is a dramatically increasing
need of rigorous mathematical foundations of DCNNs. To our best knowledge, the
universality of the DCNN has not been proved or disproved.

In this paper we propose a family of new deep neural networks, deep distribut-
ed convolutional neural networks (DDCNNs), and prove their universality of
approximation. DDCNNs generalize the DCNNs by allowing multiple biases for
distributed implementations which is motivated by our recent work on distributed
learning algorithms for dealing with big data [18, 11, 10]. They are generated by
means of the rectified linear unit (ReLU) activation function o defined by

u, if u>0,
o(u) = max{u, 0} = { 0, otherwise.

The universality of approximation of a DDCNN means that it can approximate any
continuous function f on any compact subset of R? to an arbitrary accuracy when
its depth J is large enough. The DDCNN has a fixed filter length s € N and
is generated by a sequence {w\)};cy of filter masks wl) = Wiz + Z - R
supported on {0, ..., s} meaning that ng) # 0 only when i € {0,...,s}.

Let us describe DCNNs before defining DDCNNs. When the depth is J € N, a
DCNN may take the form of a J-layer neural network (1.2) with {d; := d + js}]_,
and a special convolutional structure for the weights {[w]; ;} generated by the filter
masks as

dj—1 4 . .
eRY,  i=1,....d;, j=1,...,J. (1.3)

k=1

[wi; = (wz@k)

By the support property of the mask w), the above convolutional structure can be
viewed more explicitly from a Toeplitz type matrix Tc}?fi. Here the Toeplitz type

matrix TH associated with a filter mask w : Z — R supported on {0,...,s} and a
column number D > s is defined to be a (D + s) X D matrix (Wi—k);—;  pysp—i...p
given by
[ wy 0 0 o - ... 0
w, wg 0 0 - .o 0
Ws Wg_q *** W 0 PN 0
0 w, - w wy 0--- 0
TY = b € R(P+3)xD, (1.4)
0 0 Ws wy Wo
0 0 0 ws wy
0 0 0 0 0w,




Observe that the number d; of neurons at level j of the DCNN increases as j becomes
larger and is given iteratively by d; = d + s and d;41 = d; + s for j € N. Because of
the convolutional structure in (1.3), one only needs to compute

= J+5
(s+1)J+Zdj+2dJ_J< : s)+d (1.5)
j=1

parameters for the DCNN, a large reduction from

/ c Js 1 3s s
E d;d;_ E di+2d;=J (P +d+Js| =+d+ = —_— - — d

parameters for the fully connected network (1.2). Note that the k-th component
([w]ij), = wz@k of the vector [w]; ; in (1.3) satisfies

for 1 <i<d;,1<k<d;_ 1,w k#O:>maX{12—s}<k<mm{zdj 1} (1.6)

The purpose of this paper is to introduce the DDCNN which has the same order
of computational complexity as the DCNN. To express this new deep neural network,
we take an approach different from the form (1.2) for the DCNN. We define a sequence
of function vectors {q)(j)(x)}jzl, called DDCNN input vectors, as appearing in
(1.2) before the action of the activation function o. Denote the sequence of filter
masks supported on {0,...,s} as w = {wD}/_,

J

Definition 1. The DDCNN input vectors {<I> (x) = ((b(j (x )> } of a DDCNN
=1 j=1

of depth J is defined for the first layer ®WV(z) by

min{d,i}
qb(l) sz Tl = Z wﬁ)kxk, 1<i<d; =d+s, (1.7)
k=max{1l,i—s}
and for the more layers ®V)(x) with j =2,...,J and 1 <i < d; =d + js by
min{d;_1,i}
1) —1 j i—1 i—1
sz w (0@ = Y el (o @) v )
k=max{1,i—s}

(1.8)
where <b,(j;i_1) eER: k=1,...,dj4,i=1,... ,dj> =: bU=Y 4s a bias matriz. The
generated DDCNN hypothesis space is defined in terms of w and the sequence
of bias matrices b = (b(])) _, with ) € R to be a space of functions as

HYP = {Zc/w( b,&”) e, cq, € R}. (1.9)



To see (1.8) more explicitly, we set b,(f;;l) =0 for k ¢ [max{l,i — s}, min{d,_4,7}],
and express bV~ € R%-1%% to be a band matrix with band width s given by

r bf{” bﬁ{';l) .. bgj;ﬂ 0 . 0 i
0 bg;l) . bgj;:% 0 e 0
pi-1 | - - - o . (1.10)
(3-1) (-1
K 0 AR

Then the iterative relationship (1.8) can be written as

d;

dU)(z) = ((TC};’UDl o (cb(jfl)(x) _ (b(jl))-,z')) 7 (1.11)

=1

where (Té’jﬂ) denotes the ¢th row of the matrix T;j(ji, (b(j_l)).i the ith column

of the matrix bU~Y, and ¢ acts componentwisely on the components of the vector
®UD(z) — (bU~Y) . That is, the ith component of ®)(z) equals the dot product
of the ith row of T;‘;fi and the action of ¢ on the difference of ®U=1(2) and the ith
column of bU~Y.
Consider the special case when each row of the bias matrix (1.10) has identical
Efi_l) = bgljrli) =... = bl(-fsjrli) =: bgj_l) for i = 1,2,...,d;j_;. Denote
. . dj_1
a vector bU—l) = (bgj_1)>
=1

U (z) — (bU~Y)  and ®UV(z) — b0~ are identical in their kth components
with the indices k satisfying max{1,i — s} < k < min{d,_,7}. But the row vector

components: b

Then we see that in this special case, the vectors

<Tc}’j(ji> may have nonzero components only on this index set. Therefore, the
i

equivaleﬁt form (1.11) of the iterative relationship (1.8) can be expressed as

o) (1) = ((T;;;“> K4 <<1>(a‘—1)(m) - E(j—1>>>%j

=1%o (q;(j—l)(x) _ g<j—1>> ‘
=1

This is exactly the iterative relationship (1.2) for the DCNN stated in terms of the
input vectors ([w];; - h(jfl)(x))j:ll = ®U~U(x) with the weights given by [w];; =

(wl(i)k> v in (1.3). Thus we see that the DCNN is a special case of the DDCNN.
1\/[01reovlg,1 the number of free parameters corresponding to the biases at level j is
raised to (s + 1)d;_; (for DDCNN) from d;_; (for DCNN), having the same order.
The total number of free parameters to be computed for the DDCNN is

J-1

(4 1)+ (1) dy+2d, = J <d+ 1+ J;%) +dts (@ (- 1)d)

J=1
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which is at most s+ 1 multiple of the number (1.5) for the DCNN. This justifies that
the DDCNN has the same order of computational complexity as the DCNN.

The main analysis of this paper is to prove the following universality of approx-
imation for the DDCNN, to be done in Section 5. Observe from the definition that
HY"P consists of continuous piecewise linear functions (linear splines) on any coms-
pact subset Q of R?. So the hypothesis space H}V’b is a subset of C'(€2), the space of
continuous functions on 2.

Theorem 1. Let 2 < s < d. For any compact subset Q of R and f € C(Q), there
exist a sequence of filter masks w and a sequence of bias matrices b such that

lim inf {||f— e} =0. (1.12)

J— * =y Wb
O freMy

2 Novelty of Analysis

To prove the universality of approximation stated in our main result, Theorem 1,
by constructing a DDCNN, we first approximate the function f by a polynomial
Pr € Pr(RY) with some I' € N where Pr(R?) denotes the space of all polynomials
on R? of degree at most I

Our first novelty is to observe that the polynomial Pr can be decomposed as

Pr(x) = Zpkyr(fk - x), r € RY, (2.1)
k=1

where each pyr € Pr(R) is a univariate polynomial of degree at most I and {&};Z, C
R? is a set of vectors, called features, with the number nr depending only on d and
.

Our second novelty is to approximate the univariate polynomials p; r by contin-
uous piecewise linear functions (splines) spanned by {o(- —;)}Y, generated by a set
of knots {t1,...,tnx} to be chosen according to the approximation accuracy.

Our last and the most important novelty is to construct the filter masks w =
{wD}7_, supported on {0,...,s} and the bias matrices b = (b¥))7_, in such a way
that when the depth J is large enough, each polynomial pj (& - =) in (2.1) can be
approximated by functions from the hypothesis space %}V’b of the DDCNN defined
by (1.9).

Our construction of the DDCNN hypothesis space consists of three steps to be
presented in the following three sections:

1. Construct the bias matrices b = (b(j))f:1 and the initializing layers {<I>(j)(m)}§:1
for a given set of filter masks {w®) _, so that the components of the last
initializing layer ®)(x) can contain a rich family of linear functions {n; - = +
7, 12, with features {n;}12, C R%.



2. Construct deeper layers {®W(x)}/_, | by a set of filter masks {w}7_ , so
that the components of the last deeper layer ®)(z) can contain the (spline)
functions {o(n; -x —t;) :i=1,...,Is,j7 =1,..., N} with an arbitrarily given
knot sequence t; < ... < ty.

3. Construct the filter masks {w") }I , in such a way that the set of features

{77@ #, constructed in the first step includes the set of features {&;},-, required

n (2.1), and achieves a required approximation accuracy by constructing a

spline approximation scheme to approximate the functions py r (& - ) by linear
combinations of {o(n; - = —t;)} from the hypothesis space.

Throughout our construction, we assume that s < d and the filter mask sequence
{w(j)} satisfies w[()j) > 0 for each j and w > 0 for each j=1+1,...,J, which will
be realized in our mask factorization in Section 5. Some ideas of our construction
are from ridge approximation, wavelets, spline functions, and learning theory [8, 24].

In practical applications of DCNNSs, fully connected layers might be added and
techniques like polling are involved [9]. These technical tools for empirical imple-
mentations will not be discussed in this paper.

3 Initializing Layers

To give a linear algebra viewpoint of our construction, we use the matrices TC}‘]’YE
defined by (1.4). From the definition (1.7), we see that the first input vector can be
written as

oW (z) = 1" 2. (3.1)

From the assumptlon wo 7é 0, we find the linear 1ndependence of the first d rows
of the matrix T“’ . Hence the first d components of ®( {gb(l)( ) = w(() ‘i +
Zk max{1,i—s} wz kxk}l 1, span the other components and the space of all homoge-
neous linear polynomials on 2. Observe that each component gbl( )(x) of the first
layer contains at most s + 1 variables. This special property motivates us to con-
struct {®W}_, the first I layers of input vectors with I € N, called initializing
layers, in such a way that the components of the last initialing layer ®!) are linear
functions involving more variables with some coefficient vectors being the features
required for (2.1).
Extending the matrix form (3.1) of ®1), we define homogenized layers as

oW () =Ty Ty, jeN (3.2)

We construct the initializing layers by taking the biases {bff n Y} in (1.8) to be small
enough so that ¢,(€j71)(w) — b,g;l) > 0. Denote the /!-norm of a finitely supported
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sequence w on Z as ||wl|ly =, |wk|. Denote

B® = max max |y, BY = w9, ... [|JwM]|, B, jeN.
zeQ k=1,....d

Theorem 2. For 5 € N, we have

|(F0w),

Let I € N. Set vectors 79) € R% by

< BU), Vi=1,...,d;. (3.3)
c(Q)

. min{d;_1,i} ' '
+0) Z wz(ﬂ_)kB(J—l)’ i=1,...,d;, 7=2,...,1I

k=max{1,i—s}

Then all the components of 7Y lie in [—~BYW, BYW]. Construct the bias matrices

{69} by
b,(fz :Tlgj) — BW, V k=max{l,i—s},...,min{d;,i}, i=1,...,d;, (3.4)
where 7Y denotes the zero vector. Then we have
oY () :Tjj(_ji...T;”(l)x—i-T(j) = o0 () 4 70, Vi=1,...,1. (3.5)
Proof. From the definition of oM = dM we know that

H (a\)(l)<x>)iHC(Q) = 6" lowy < lw B =BW,  Wi=1,... d.

The definition (3.2) yields the iteration relation U+ (z) = T ®0)(z). Hence

J

d:

J
20+1) _ (+1) 7(5) < U +Y)
0 (@)] > w0 )| < Ol o

(a\)(j) (x)>kHC(Q) '

This proves (3.3) by induction on j.

From the definition of the norm, we know that ‘Ti(j)‘ < |wW||,BU—Y = B,
Hence all the components of 7¢) lie in [-BU), BU)].

To prove (3.5) with 7 = 2 for the second layer, we find from the choice (3.4) of
the biases and the notation 7(!) = 0 that b,(:l) = —BW in (1.8), and gblgl)(x) — bl(:Z) =
gzﬁ,(cl)(x) +BW >0 fori=1,...,ds, which implies

min{dy,i} min{d;,i}
2 2 1 2
0@ = 3 whl@+ Y whBY.
k=max{1,i—s} k=max{1,i—s}



Due to the mask support property (1.6) and (3.1), we know that

min{dy,i}

Z w® k¢k Zwl ) (Td 1) ) (Tw@)Téu(l)[L’)'.

i
k=max{1,i—s}

Thus (3.5) holds true for j = 2.
Now we prove (3.5) by induction. Assume that &) (z) = Té‘fi LTV 4 ),
From this induction hypothesis and the choice (3.4) of the biases for (1.8), we find
,(fj)(m) — b,(fz) = &Eﬁj)(x) + BU > 0 by (3.3). It follows from (1.6) again that for
i=1,....d,

. min{d;,i} ' . min{d;,i} .
o @) = > w9 @+ Y wlVBY
k=max{1,i—s} k=max{1l,i—s}
dj

_ Zwml ( ;m. T‘”“x) JrTi(j+1) _ (T"”(’“) T w® ) JrTi(jﬂ)‘
j—1 k

This completes the induction procedure and proves our conclusion. O

The last initializing layer can be expressed as
oD(z) = 3D (z) 4+ = 2" T2V 5 47D, (3.6)

where Tgl‘;(_[i . .Tc}“(l) is a dy x d matrix. This matrix can be written in the form (1.4).
To see this, we recall the convolution axb of two finitely supported sequences a, b on
7. defined by

(axb), Z a;_1bx, 1€ 7.

kEZ
If a is supported on {Ag, Ao+ 1,..., A1} and b on {By, By + 1,..., B}, then axb
is supported on {Ag + By, Ao+ Bo + 1, ..., A; + B1}. Now we consider the matrix
product Té?(_jiTéi(_j;) which is a d; x d;_, matrix. Its (i, k)-entry with 1 <i < d; and
1 <k <d;_5 can be expressed as

dj—

j—1
W) -0 e wG—1) (—1)
(ramp) =0 (1), (7 § wdwi 7Y,

)

For ¢ < 0, we have ¢ — k < 0 and thereby wé{;l) = 0, while for £ > d;_; + 1, we have

¢ — k > s which also implies wéj_ ;1) = 0. Therefore,

(ngj(]i w<7 ! ) Zw ew/ kl) Zwr k—pW J = ( (j)*w(j_l))i—k'

LeZ PEZL
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This is exactly the (7, k)-entry of the d; x d;_» matrix Té’;(j;*“’(j*l) defined by (1.4) cor-

responding to the ﬁlter mask w(ﬂ)*w(]_l) supported on {O, N 23} Hence Téj(_]iT;;(_];l) =
Tc}j(j;*w(jfl). Applying this relation iteratively tells us that

w(l) w® W (d+Is)xd
Ty Ty =T eR ,

a matrix of the form (1.4) with D = d and s replaced by I's, where W = W) : Z — R
is a sequence supported on {0, ..., Is} defined by

W = wDsw Vs sw@ s, (3.7)

Note that Wy = TI1_w{’ > 0. At the end, when I > ¢, the I-th homogenized

layer corresponding to the last initializing layer is given by D () = T}V x or more
explicitly by

[ ) _ .
[ WO 0 o 0 ] ?bl (‘T) - WOxl
Wi Wo o0 A(I) B
: : - ?idfl(x) = Waom1 + ...+ Woxg_y
W, W W, ¢ij) () = Woiz + ...+ Wozg
d_1 - | B 4
Wd Wd—l st Wl . ¢1(1+)1 (',”E) = del + e + Wlxd
T,V = ! = |
afi?e(f’f) = Wape1x1 + ...+ Wixg
WIS .
0 Wi .
. ' gbgs)—&—l(x) =Wrr1 + ...+ WIS—d—i—lxd
) i L ¢[(i{218(x) = W[sxd i

(3.8)
Hence the last Is components of the last homogenized layer () () can be expressed
as

{09, (@)}2y = {ny - 2}y, with = (Wasigs, Wacoris ..., Wi)T € RY

Note the first ¢ — 1 components of 7; vanish for i > I's—d. In our proof of universality
of approximation, the set of features {n(k_l)d+1}1§k§(13_l)/d C R? will be used.

4 Deeper Layers for Constructing Linear Splines

Let t] <ty <...<ty_1 <ty. Based on the first I (initializing) layers, we shall con-
struct the next (N — 1)1 layers, called deeper layers, of input vectors of a DDCNN
of depth J = NI so that functions of type f(gbglfze(a:)) with ¢ € {1,...,Is} and f
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being a continuous linear spline supported on [t1, ¢ 5] with knots {t1,ts,...,ty_1,tN}
are contained in the hypothesis space ’HVJV’b.

We take a set of filter masks {w}N, | supported on {0, ..., s} to satisfy w[()j >
0 and w > 0 for 73 =1+1,...,NI. The constructed DDCNN input vectors
{@U)(x)}}; ., of deeper layers will be expressed in block forms in terms of the

)

following two types of blocks:
W)+ B0 [ W+ 50
/\Ell)(x) + B(I) Wi1x1 + ...+ Woxyg + B(I)

and

4 o <¢é€2(€71)s+1(x) - t)
o= 0@ @ -0] =] . te{l,.. ).
é o <$é€2€s(x) - t)
(4.2)
To illustrate our construction explicitly, we express the d; x d;_; matrix T;?iji
defined by (1.4) in the following block matrix form

Ly O - O

ouv, L, O @)

@) Uy Ly O

T;;(,ji: : R O e ) (4.3)
: : . Ur :
’ @)
: e el el o Uiy Ly
e e e O e 00U

where O denotes a zero matrix which might have different sizes in various occurrences,

L 1d
Lo = [wé@m]e - is a lower triangular d x d matrix given by

w0 o |
(4) ()
G 0--- 0
Lo=| " o , (4.4)
0 .. el 0
0 0 wd ... wéﬂ)_dxd




Ly = ... = Lj; = L are identical lower triangular s X s matrices and U; = ... =
U; = U are identical upper triangular s x s matrices given by

() ()

wo 0 o« . . ws o« e wl
_ .o 1° . . . I G)) B _ . .
L—[wz_m] = c ,U—[wSM m} = S
£m=1 4) () fm=1 )
ws‘]—l IR wOj Y O ws']
(4.5)

In our construction described in details in the following subsections, we take
suitable biases in (1.8) so that only one term in the summation for @Q )(a:) does not
vanish.

4.1 First deeper layer

In our construction of the first deeper layer ®+1)(z), for each component ¢!V (z)
expressed in (1.8), we take all biases except one to be b(I) = 2B which together

with Theorem 2 implies gzﬁ,(f)( )— b,gz) < 0and wZH,;l o (gzﬁk (x) — b,@) = 0. In alinear
algebra viewpoint taking the matrix 7T C}‘;( in the block form (4.3) with ¢ = 1, the
exceptional bias for each component ¢§I+1)(x) is taken corresponding to the main
diagonal entry w( D of Ly (for 1 <i<d)or L (ford+1<1i<d+s), or the
main diagonal entry wS' ™" of the block U, (for d+ (£ — 1)s + 1 < i < d + {s) with
¢ e {2,...,1+ 1}. Here the blocks Ly and U, lie on the same column group, so the

o~ d+s
same block [gbgn (x)] of components of ®)(z) is used to generate two blocks
i=d+1

of ®*1) () involving ¥ ;, and ¥ ,,. The exact expression for the first deeper layer
®U+Y(z) in terms of the block matrices £ and Xy, is the following.

Lemma 1. By taking the bias matriz b as

(D _BO, yf1<i<dandk =1,

)
Dby, ifd+1<i<d+sandk=i,
b,ﬁ{?z Tl(Il—th, ifd+s+1<i<d+2sandk=1i—s,
Ti(fl—i-tl, ifd+2s+1<i<d+([+1)s and k =i — s,
\ 2B otherwise,
we have
w((]Hl)E
(I+1)
wO 21 tl
(I+1)
o) = | g (4.6)
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Proof. With the given choice of the bias matrix b/), we find that in the summation
for each component qbng)(:l:) of ®U*+1(z) defined in (1.8), only one term does not
vanish and this term corresponds to k =i or k =i — s, which yields

) (ag%) + BU)> L ifl1<i<d,

Vo (6P (2) —ty), ifd+s+1<i<d+2s,

1—S§

( w(()l+1
W gg(f)(x)_tl), ifd+1<i<d+s,
ng—H
wg[+1

o (6 (2) —t1), ifd+2s+1<i<d+(I+1)s.

\

This together with the definition of the block matrices £ and ¥, verifies the stated
expression for @+ (). O

Notice that for the first deeper layer U+ (x), the first d components are linear
functions and the remaining (I + 1)s components are splines with knots ¢; or t,
composed with the corresponding components of &) (x).

4.2 Constructing deeper layers and splines with two knots

For constructing more deeper layers {®U*9(z)}!_,, we observe from the expression

d
(4.6) for ®U*+Y(z) that the block [@Hl)(yﬁ)] ’ involving 35, should be used to
i=do+1
generate two blocks involving ¥, and Xg,,. This motivates our idea of consider-

ing the block [(bglﬁfl)(x)] of ®U*+=1 () for constructing ®U*+9(z), and
i=dg(p_1)+1
emphasizing the corresponding blocks Lg,—; and Uy, in the block form (4.3) of the

dog—1

matrix Td“;(jﬁ for taking exceptional biases.
We need the following properties for the ReLLU o

o(ou) = ao(u), olo(u) —a)=0o(u— a), VueR a>0. (4.7)
Denote
Mo = T, (L]} =T _jwl?.

Observe that for I +1 <4 < j, both [Io] and [II,)/ are positive by our assumptions
on w(()j ) and wd.
Lemma 2. There exist bias matrices {b(j)}jzl (constructed explicitly) such that

[ [Ho]ﬁiﬁ , ]
I+5— I+/¢
(L) M) 24 S5 ]
1

LIBFERIINET)

A () = I+1 I4j+1

j7t2

)i =

I
. }
It =41

13



Proof. We prove our statement by induction. The case ¢ = 1 has been shown in
Lemma 1.

Assume that the expression (4.8) holds for ¢ — 1. Then the first components
of @U+=1(z) are bounded by [ILo]/T4 2B < 2|jwl*V || L [[wHD|;BD =
2BUIH+=1) while the other components are bounded by

~ max{ |t1], |t
M0 (ma 13 o+ max{ ] ) ) < 50 (2 2ttt ),

Denote this upper bound by Djy.p 1.

To verify the statement for the case ¢, by viewing the blocks Lo, 1 and Uy, of the
matrix form (4.3) with ¢ = 2¢ — 1 for TC}‘;(JI:?, we take the entries of the bias matrix
bU+=1) in (1.8) with special entries corresponding to k =i or k =i — s as

0, if 1 <i<dy_1and k=1,
B _ ML) (e —t1), ifdy+1<i<dyandk=i-—s,
st 0, ifdoyy+1<i<djypand k=1—s,
Dy, otherwise.

It is essential to note that all the components of ®/**~1(x) are nonnegative. So we
see from property (4.7) of the ReLU ¢ that the first dy,_; components of &+ (z)
are just the wl ™ multiples of those of ®!+-1(z), and the last (I — ¢)s compo-
nents of ®U+9(z) are the wi™™ multiples of those of ®U+=1 (). For the middle s

components, we see from the definition (1.8) and the choice of the bias matrix that

¢§J+Z)( ) = 1+£ <¢(l+é 1) ( ) — [Hs]ﬁﬁfl (ts —t1)> ’ dyp 1 +1< i< doy.
d

By the induction hypothesis, Mﬁf‘”(z)} * is the block matrix [Hs]fﬁ_l Yot
i=dge_1+1

So for o =1,...,s, we have gb&ij_él__lera(x) = [Hs]ﬁf ! <gz5de sralT) — t1>. Thus by
(4.7) there holds
(I+¢ -
St lealr) = w00 ([ 0 (94 ale) —10) = (LT (= 1)
= ngz) [Hs]ﬁi_l g (U (¢dz—s+a(I) - tl) — (t2 — t1)>
- [ ]?:—_i (ngé) SJroz('r) - t2) ) o = ]-7 <oy S

(I+Z) dZZ .
Hence [(bi (x)} equals the block matrix [IT,]1F
1=dgp_1+1

expression (4.8) holds true for the case £. This completes the induction procedure. [

I+ Eg t,- Therefore the desired

14



Lemma 2 yields the following expression for ®?0(z):

[rfo)]%rlﬁ
S 2 [H ]I+’jfl [H ]2] Y

oe(z) = | , where 8 = s Iav e i (4.9)
: ! TLJ77 (M) 7y St
s¥

~ d;
Note that for the block 83(2), the components of ¥,; = [a(@(” (x) — tl)}
i=dj—s+1

and X, ,, are splines o(- — ¢;) with knots ¢; and o(- — t2) with knots ¢, respectively
d.
composed with the linear functions {(EEI) (SL‘)} ’ .
i=d;j—s+1
4.3 Constructing more deeper layers and splines with more
knots

We now apply the above procedure to construct further deeper layers and create
splines with knots t3,...,ty. Forp > 2,1 <k <p,1 < j < I, denote
k— vi+j v+1)I -1 vi+j—1 v+1)I1
My = T8 {2 ol 7, ooy ™ ol 3

When p = 2, the numbers Il ;; and I, ;o are exactly those in (4.9). Observe that

I (pI)
0<ILjkr < H?:IHHUJ(Z)Hl = ?3(171) .

Lemma 3. Let 2 < N € N. There exist bias matrices {b(j)}j.vzzl (constructed
explicitly) such that for p=2,... N, there holds

(o)7L
) ak Hp a2
(I)(pl)(x) — ] 1 , where S](p) = . (410)
’ HpvjvajvtP
S}P)

Proof. We prove by induction for p. The case p = 2 has been shown in Lemma 2.
Suppose that the statement holds true for p — 1.
To prove the statement for the case p, we assume that for some ¢ € {1,... 1},

— [ g,
o)
S(p—l,Z—l)
Q=D+ () — | , (4.11)

15



which is true for £ = 1 due to the induction hypothesis for ®(P~VD(z). Here

f —I+45—1 -1 I+46—1
[HS]E;;—SI-& [HO]EZ—1;I+j 151550

if5=1,...,0—1
D)I4j—1 ) I4+e-1 1] R ’
R

+ -
B 1 [HO](§—1)1+J’+1 Hp*Lj,pflEj»tp
)

(p
D
141
s = [Hs]gi
I+0—-1
& 151250

, ifj=0,... I

Then by property (4.7) of the ReLLU and Theorem 2, we have

B(p—1)I+£-1)

(p—D)I+L-1)

maX{ZB , BY - max{|t,],...,[t, 3} =Dy
To construct &=+ (z) we choose the bias matrix b((P~DI+=1) for (1.8) with
special choices corresponding to the main diagonal entries of the blocks Lpg 1 and
Upe of the matrix form (4.3) with ¢ = pl — 1 for Tw((p Do by setting b p DI+

—1)I+0-1
equal to
0, if1 <i<dy_;and k =1,
(p—1)I+6—1 . , .
[HS](p—1)1+1 Oy qep1(ty—tp—1), fdpy1+1<i<dyand k=1i-—s,
0, if dpg +1<: < d(p—1)1+z and k =1 — s,
Dy, otherwise.

It follows from property (4.7) of the ReLLU and 0 < ¢,(€(p71)1+£71)(x) < Dpy-1 that
the first d,,—1 components of P11+ (1) are just the w(()(p —OI+) multiples of those
of ®(P=DI+=1) () while the last (p — 1)(I —£)s components of ®((P~DI+0 () are the
w{® D multiples of those of ®(@=D+=1)(2) For the middle s components with
indices dp—1 + 1 < i < d,, we have

—1)I+¢ I+4-1 —1)I4+4—1
0D R@_wW1H2<¢p) >@y{mﬁ$H1H%m%m@—%@)

d
But we see from (4.11) that [gbg(ps DD (4 )} péd is the last s-block matrix
1= pg_l-i-l

[Hs]gjgﬁﬁ_l I, 10p-1%es, , of SP~ 1Y Hence by property (4.7) of the ReLU,

DI+L _ —1)I+6-1 NI
¢d£ 1+ )(‘T) = wg(p 1)”@0([118]&1;”1 Hp1p-10 (qﬁz(ié)fera(x) _tp—1>
—1)I+6-1
- [HS]Eg_S[H Ip10p-1 (tp — tpfl))
—1)I+¢
= [HS]EII;_1§I+1 p10p-10 (deg s—i—a( ) — tp) ’ a=1,...s.
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d
It implies |¢{*" V(@) " = L]0 o101 D, This proves (4.11)
’i: p@—l +1

with ¢ — 1 replaced by ¢. So by induction, the expression (4.11) holds true for
¢ =2 ...,1+1. Take the special index ¢ = I + 1, this expression is exactly the
desired formula (4.10) for ®®!)(x), which completes the induction procedure. O

5 Approximation Scheme for Universality

In this section we prove the universality of approximation of the DDCNN.

5.1 Mask factorization

We first need to factorize an arbitrarily fixed filter mask W supported on {0, 1, ..., Sy}
into the convolutions of a finite sequence of filter masks {w() }_, supported on
{0,1,...,s} as expressed in (3.7). For our construction, we introduce the symbol w
of a filter mask w : Z — R supported on {0,1,...,7} with 7 € Z, to be a polynomial
on C given by

w(z) = Zwkzk, z € C. (5.1)
k=0

This concept is widely used in the literature of wavelet analysis [7]. Our key idea for
proving the universality theorem here is the following factorization of the symbol w
which is of independent interest. For u > 0, we denote [u] its integer part, and [u]
the smallest integer greater than or equal to w.

Lemma 4. Let s > 2 and W : Z — R be a filter mask supported on {0,1,..., Sy}
satisfying Wy > 0 and Ws,, # 0 with Sy > d > s. Then there exist some integer
Ie [STW, f_—Wl + 2) and a sequence of filter masks {w? g]‘=1 supported on {0,1,..., s}

having w[()l) =Wy > 0 and w[()]) =1 for 7 = 2,...,1 such that the convolutional
factorization (3.7) holds true.

Proof. A useful property of the filter symbol w is that the symbol of the convolution
axb of two finitely supported sequences a,b on Z, is given by the product of the
symbols of a and b as

axb(z) = a(2)b(z),  Vz € C.

Observe that the coefficients of the polynomial W of degree Sy are real. It follows
that if zo € Cis a root of W of order a € N meaning that its value at zy and the values
of its derivatives up to order o — 1 vanish W(zo) = W’(zo) =...= W(a_l)(zo) =0
while W(O‘)(zo) # 0, then its complex conjugate zZ; € C is also a root of order «.
Hence the complete factorization of the polynomial W has the form

W (2) = W I {(2 — 21) (2 = Z) Y0 (2 —a), 2z €C, (5.2)
17



where A € {1,...,Sw} is the number of (non-real) complex root pairs with multi-
plicity represented by {2z = x1, +iyx }i, C C\ R with y; # 0, {zk}fﬁmﬂ C R\ {0}
are real roots of W with multiplicity which are nonzero due to the assumption
W(O) = Wy > 0. When W has only real roots, A = 0 and there is no factor of
the form (z — zx)(z — Z). When W has no real root, A = 5w and there is no factor
of the form z — zy,.

Note that

(z—2)(z =) = 2° — (= + %) 2 + |al* = 2% — 2wz + (75 + )

which is a quadratic polynomial with nonzero constant term due to y, # 0. So we
can normalize this quadratic polynomial to have the constant term 1 by multiplying
with 1/(22 + y2). In the same way, for k& > 24 + 1, we can normalize the linear
polynomial factor z — x; to have the constant term 1 by multiplying with —1/z.
Thus we can factorize the polynomial W(z) with the constant term W, > 0 as

W(z) = Wl <1 _ gg;j_ky,%z + 2 —1|— 7 z2> Hfﬂ’mﬂ <1 — %z) : z e C.
(5.3)
This leads us to construct the filter masks {wU )}]1-:1 by their symbols as follows.

If A > 1 meaning that W has A non-real complex root pairs (with multiplicity),
we take I = I + I, with I := (é},]g = [5w=247 and construct the filter masks
{w(j)}fz1 by grouping the quadratic factors in (5.3) into groups of [s/2] and linear
factors into groups of s as

(w2 (1- Fo2 + 5hm2?) itj=1,
Hi:[i/(?}_l)[s/Q]_t,_l <1 — x%ﬁ’“yiz + Iiiyi 22> L if2<5< [[%;J ,
ey = W (- et ), h>gadj=1,
[51]'2
Hii;gjjlﬂlr)(jfllfl)s (1 - x-iZ) 5 ifL+1<5<I+ [w] :
RUINETE (1-22). if 1, > 22 and j = 1.

(5.4)
If A =0, then W has only Sy real roots. We can we take I = [2%] and construct
the filter masks {w(j)}]l»:1 by grouping the linear factors into groups of s as

Woll;_, (1 - $z> . ifj=1,
— s : T8
wi)(2) = Hiz:(j—1)5+1 (1 — iz) , 1f2<5< TW} , (5.5)
S 1 e S s L
sz[sgv]sﬂ 1— EZ> , if 2> [TW] and j = 1.
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With the above construction, we have

e

W(z) = II_ w0 (z), Vz € C,

which yields the convolutional factorization (3.7). We also see that in our construc-
tion, w(()l) =W, > 0 and w(()j) =1forj=2,...,1.

Moreover, the number [ of filter masks is at least STW since [ > 4 +

Sw—2A _ Sw
2 § N

for the case A > 1. It can also be bounded as

A —2A 2A —2A S
L s S s
[5] s s—1 s s—1
for the case A > 1, which is also true for the case A = 0. This proved the desired
statements. [

5.2 Polynomial factorization and features for approximation

Following our brief description in Section 2, we want to decompose an approximation
Pr € Pr(R?) of a function f € C(2) into the form (2.1). Here we can even take the

set of features {{;}L, to depend only on d and I" according to the following lemma

proved using some results from [19] and [20]. Denote nr = ( d- %‘—1— : ) to be the

dimension of P{(RY), the space of all homogeneous polynomials on R? of degree I'.

Lemma 5. Let d € N and I' € N. Then there exists a set {{:},, C {£ € R?:
€|l = 1} of vectors with fa-norm 1 such that for any Pr € Pr(RY) we can find a set
of univariate polynomials {pyr},-; C Pr(R) which makes the identity (2.1) valid on
R4,
Proof. Tt was shown in [19] that the space P{(RY) of homogeneous polynomials
has a basis {(& - )T}, for some vector set {&},5, € R?\ {0}. It was further
proved in [20] that the vector set {},r, C R? can even be chosen in such way
that the homogeneous polynomial set {(& -x)7};, spans the space PJ(R?) for every
v € {0,1,...,' = 1}. Moreover, we can normalized the vectors {{;};L; to have
f5-norm 1 since none of them is the zero vector.

The polynomial Pr € Pr(RY) can be decomposed into a sum of homogeneous
polynomials with various degrees as

r
Pr =) P,r, where P, € PI(RY).
v=0

But {(& - x)"};5, spans P!(R?) for v € {0,1,...,T}. So there exist a set of coeffi-
cients {ci, € R}}L, for every v € {0,1,...,I'} such that

np
Pyr(r) =) ay(&-2)",  VaeR, ye{0,1,...,T}
k=1
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It follows that
' nr nr I
Pr(x) =) ) ern(G-a)” = {Z Croy (8- ZE)W} , VzeR
v=0 k=1 k=1 \~=0

This verifies (2.1) by setting the univariate polynomials {pj r},Z; C Pr(R) as pyr(u) =
ZSZO ckHu). The proof of the lemma is complete. O

The univariate polynomials {pxr} C Pr(R) need to be approximated by splines
{o(u —t;)}; with knots {¢;}. The following result is well-known in approximation
theory. For completeness, we give a proof here.

Lemma 6. Let t := {t; < ty... < ty_1 < ty}. Construct a linear operator Ly on
Clty, tn-1] by

Le(f)(u) = f(t5)05(u), u € [ty tna], f € Clta, ty_1], (5.6)

where the function 0; € C(R) with j € {2,...,N — 1} is given by

1 tit1 —tj—1
5"11/ = —90(u—t;_ — It J olu—t; +
i) ti—tj1 (w=t1) (tjpr —t)(t; — 1) (=)

Then for any f € Clta, tn—1], we have

ILe(f) = fllepey ) < 205 A, (5.7)

v—1{lt; — tj—1|} and w(f, 1) is the modulus of continuity of

ou—1ti11).
ti1—t ( J+1)

where Ay 1= max;_g
f € Clta, ty_1] give by

w(f, ) =sup{|f(v) = fy)| v,y € [ta,tna], [v—yl<p},  p>0.

Proof. The function ¢; € C'(R) satisfies

i .
t:'—t]j_117 if u e [tj_17tj]7
(%(u) = t;:ll—;j" if u e (tj, tj+1]’
0, otherwise.

It is a continuous piecewise linear function on the interval [t;,ty] having the values
d;(t;) = 1 and 0,(t;) = 0 for i € {1,2,...,N — 1, N} \ {j}. This tells us that
the function L¢(f) is continuous and piecewise linear on the interval [to,ty_1] with
knots {ts,...,ty_1} and it interpolates f at the nodes {to,...,ty_1}. So for j =
3,...,N —1, we have

f(t) = f(ti—1)
t—t
20
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Hence for u € [t;_4,t;], there holds

L(f) ) = )] = |ptt0) = )+ L= lm)

< fa) = f) + [f(8) = Ft-)]

Since [tj_1 —u| < Ay and [t; —tj_1] < Ay, we have |Le(f)(u) — f(u)] < 2w(f, Ay)
for w € [tj_1,t;] and j = 3,..., N — 1. This proves the desired error bound. O

5.3 Proof of the Main Result

We are now in a position to prove our main result on the universality of the DDCNN.

Proof of Theorem 1. Let ¢ > 0. Then there exists some polynomial Pr € Pr(R?)
with I' € N such that

If = Prllcw < 3

By Lemma 5, there exists a vector set {&;},-, C R? such that [|€]|2 = 1 for each k
and the polynomial Pr € Pr(R?) can be expressed as in (2.1) with {pyr}=, C Pr(R).

Observe that (& - x| < [|&]l2||lx|l2 < ||z]|2 for each & € {1,...,nr}. Hence for
x € Q, we have |§ - x| < BSO) where

B .= = max |zl < co.

So we consider the approximation of the univariate functions {pr} on the interval
[—Bgo), Béo)] using the spline approximation scheme in Lemma 6. For 4 < N € N we
take a knot sequence t = {t; <ty... <ty_; <ty} as

0 ' o0 »
tj:—B§>+(g—2)N_23, j=1,2...,N—1,N
which implies [t, ty_1] = [-BY, B{"] and Ay = 222 By Lemma 6,

2B( )
| Le(pr,r) — kaHC[ BO p®) S 2w (ka N _ 3>

Since lim,,_,o4 w(g, 1) = 0 for any g€ C[-B 2 : B(O)] we know that there exists some
e > 0 such that w (pk rop) < g forany 0 < p < pe and k =1,. . Take some

and N > 4. Then we have

) — Pr 5

nr
< S Lepir) (W) — prr ()l oy o, < 5o (5.9)
@) k=1
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Now we turn to construct a sequence W (by stacking the vectors {{;};L, in
reverse orders), which is a key step in our proof. Express each vector & in terms of
its components

& = ((&)0)i_, € RY, k=1,...,nr.
Define a filter mask W : Z — R supported on {0, 1, ..., dnr+1} by Wy = Wy =1
and
W(kfl)d+ﬁ = (gk)d-i-l—f) (= 1, ce ,d, k= 1, ..., nr. (59)

Then we apply Lemma 4 to the filter mask W : Z — R with Sy = dnpr + 1
and know that we can construct a sequence of filter masks {w}!_; supported on

{0,1,..., s} with some integer I € [d"LsH, % + 2) having w(()j) =1forj=1,...,1
such that the convolutional factorization (3.7) holds true. Combining this with our
construction of initializing layers and the expression (3.8) for the I-th homogenized

layer, we know that for k = 1,... nr, the (kd + 1)-th component of &5(1) is

d
&Id)ﬂ(ﬁ) = Wiar1 + ... + Wii—ar124 = Z Wik-1)ateTas1—¢ = & - T (5.10)

=1
By Lemma 3, there holds
(o)7L 20 _
Sl(N)IJrl N Oy 1% g <¢d+(j—1)s+1<m) t)
(I)(N[)(x) = . ) SJ( ) = ) Ej,t =
S](N) T N2ty o (5&{2]8(1’) — t>

Take J = NI and bY) = 0. Combining the above expression for ®)(z) and the
property (4.7) of the ReLU, we find that the span of the last Js components of
d)(z) is

span {CIDEJ) (x) }

Taking only those components with ¢ = (k — 1)d + 1 for k = 1,...,np and applying
the identity (5.10), we have

d+Js ~1) )
:span{a<<bd+é(a:)—ti>, (=1,...,Js, z:l,...,N}.

i=d+1

span{o (§-x —t;), k=1,...,np, i=1,...,N}
= span{a(gg,(fcl)Jrl(x)—ti), k=1,...,nr, izl,...,N}

d+Js
C span {QDEJ) (x)}

But the definition of the linear operator L; tells us that

w,b
U ocwuyt,
i=d+1

Li(per) (& - ) € span{o (& -2 —t;), i=1,...,N}
22



for each k € {1,...,nr}. Hence

nr
ZLt(pk’p)(ﬁk-x) espan{o (& -z —t;), k=1,...,np, i=1,...,N} CH}".
k=1

Therefore, by taking f* = >"," Le(prr) (& - 2) € H}V’b, we obtain

1f = flle@ < f = Prlle + [1Pr = flle@ <

This proves the desired limit (1.12). The proof of Theorem 1 is complete. ]

Acknowledgments

The work described in this paper is supported partially by the Research Grants
Council of Hong Kong [Project No CityU 11306617 and by National Nature Science
Foundation of China [Grant No 11461161006]. The paper was partially written
when the author visited Shanghai Jiao Tong University (SJTU). The hospitality and
sponsorships from SJTU and the Ministry of Education are greatly appreciated.

References

1]

2]

[9]

A. R. Barron, Universal approximation bounds for superpositions of a sigmoidal func-
tion, IEEE Trans. Inform. Theory 39 (1993), 930-945.

J. Bruna and S. Mallat, Invariant scattering convolution networks, IEEE Trans. Pat-
tern Anal. Mach. Intell. 35 (2013), 1872-1886.

C. K. Chui, X. Li, H. N. Mhaskar, Neural networks for lozalized approximation, Math.
Comput. 63 (1994), 607-623.

C. K. Chui, X. Li, H. N. Mhaskar, Limitations of the approximation capabilities of
neural networks with one hidden layer, Adv. Comput. Math. 5 (1996), 233-243.

C. K. Chui, S. B. Lin, and D. X. Zhou, Construction of neural networks for realization
of localized deep learning, preprint, 2018.

G. Cybenko, Approximations by superpositions of sigmoidal functions, Math. Control,
Signals, and Systems 2 (1989), 303-314.

I. Daubechies, Ten Lectures on Wavelets, STAM, 1992.

J. Fan, T. Hu, Q. Wu and D. X. Zhou, Consistency analysis of an empirical minimum
error entropy algorithm, Appl. Comput. Harmonic Anal. 41 (2016), 164-189.

I. Goodfellow, Y. Bengio, and A. Courville, Deep Learning, MIT Press, 2016.

23



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

Z. C. Guo, S. B. Lin, and D. X. Zhou, Learning theory of distributed spectral algo-
rithms, Inverse Problems 33 (2017) 074009 (29pp).

Z. C. Guo, D. H. Xiang, X. Guo, and D. X. Zhou, Thresholded spectral algorithms
for sparse approximations, Anal. Appl. 15 (2017), 433-455.

G. E. Hinton, S. Osindero, Y. W. Teh, A fast learning algorithm for deep belief nets,
Neural Comput. 18 (2006), 1527-1554.

K. Hornik, M. Stinchcombe, and H. White, Multilayer feedforward networks are uni-
versal approximators, Neural Networks 2 (1989), 359-366.

Y. LeCun, L. Bottou, Y. Bengio, and P. Haffner, Gradient-based learning applied to
document recognition, Proceedings of the IEEE 86 (1998), 2278-2324.

Y. LeCun, The unreasonable effectiveness of deep learning. In Seminar. Johns Hopkins
University, 2014.

M. Leshno, Y. V. Lin, A. Pinkus, and S. Schocken, Multilayer feedforward network-
s with a non-polynomial activation function can approximate any function, Neural
Networks 6 (1993), 861-867.

H. W. Lin, M. Tegmark, and D. Rolnick, Why does deep and cheap learning work so
well? J. Stat. Phys. 168 (2017), 1223-1247.

S. B. Lin, X. Guo, and D. X. Zhou, Distributed learning with regularized least squares,
J. Machine Learning Research 18 (92): 1-31, 2017.

Y. V. Lin and A. Pinkus, Fundamentality of ridge functions, J. Approx. Theory 75
(1993), 295-311.

V. Maiorov, On best approximation by ridge functions, J. Approx. Theory 99 (1999),
68-94.

H. N. Mhaskar, Approximation properties of a multilayered feedforward artificial neu-
ral network, Adv. Comput. Math. 1 (1993), 61-80.

H. N. Mhaskar and T. Poggio, Deep vs. shallow networks: An approximation theory
perspective, Anal. Appl. 14 (2016), 829-848.

A. Pinkus, Approximation theory of the MLP model in neural networks, Acta Nu-
merica 8 (1999), 143-195.

Y. Ying and D. X. Zhou, Unregularized online learning algorithms with general loss
functions, Appl. Comput. Harmonic Anal. 42(2017), 224-244.

24



