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I. Assumptions

The present paper is concerned with the smoothing property of the propaga-

jor e "H associated with the initial value problem for the one dimensional

schrédinger equation in the Hilbert space L?(R):

Ou _ 1
{zamw A+V(x)u, zeR', teR, (0.1)

U(O,IE) = UO(m)a HAS Rla

Assumption 0.1 V(z) is a real valued C3-function of x € R. There erits a

onstant R > 0 such that the following conditions are satisfied for |x| > R with
¢>2:

‘'V1) V(z) is conver.
'V2) Forj=1,2,3, VU ()] < Cj (z) V=D (2)| for some constants Cj.

'V3) For positive constants D1 and Dy, Dy(z)" < V(z) < Dy(z)".



I1. Smoothing Property of Linear Operator

Jnder Assumption 0.1 the operator H = —A + V(z) defined on C§°(R) is
sssentially selfadjoint in L?(R) and we denote its closure by the same sym-
»ol. Then, H is selfadjoint with the maximal domain D(H) = {u € L*(R) :
-Au(x)+V(z)u(z) € L*(R)} and the solution of (0.1) is given in terms of the
sxxponential function of H by u(t,z) = e *Hug(z). H is bounded from below
ind its spectrum consists only of simple eigenvalues \; < Ay < -+ — 00. We
lenote the corresponding normalized eigenfunctions by 1, (), n = 1,2,.... We

set for 2 <p < oo and 2 < k < oo:
1/1 1
—(———), it 2<p<4;
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vhere a_ denotes any number < a.

Theorem 0.2 Suppose V' satisfies Assumption 0.1. Let 2 < p < oo and let
v, B € R be such that a+ 3 < 0(k,p). Then there exists a constant C > 0 such
‘hat

lg()(i0/0t)* (H) &= ug ()| Lo (v, 12(m0)) < Cllg]

‘or any g € H2(R) and ug € L2(R).

H%(R)”U(J”Lz(]l%m), (0.2)

Theorem 0.3 Suppose V satisfies Assumption 0.1. Let K C R be compact
1
mnd let a, B € R be such that a + 8 < % Then, there exists a constant C > 0
such that
Sup/ l9(t)(0/0t)* (H) e~ Mg (x)[*dt < Cllg|® ;  fuolFz@,) (0.3)
zeK J -0 HZ2 (Ry)

or any g € H2(R) and ug € L2(R).



ITI. Application to NLS

Ou
{15;——Au+vum+f@w% z€R, teR, (0.4)
u(0,2) = uo(z), =e€R.

k
Theorem 0.4 Suppose V satisfies Assumption 0.1. Let 1 <r < = and let

f(x,u) satisfy the following conditions:
1) There exists a compact subset KCR such that f(x,u) =0 forx & K;

2) For a positive constant C,

|f(z,u)| < Clu|", x€R, ueC,

|F@u) — f,0)] < Clu—ol(ul " + o), woveC. (0.5)

Then for any ug € L*(R), (0.4) is locally well-posed in L3,

loc

viz. there exists & > 0 such that (0.4) admits a unique solution u(t,x) for
-8 <t <& such that u € L¥" ((—6,6) x R,) N C((=6,6), L*(R,)) and L*(R) >

loc

19— L2 ((=6,8) xR,)NC((—6,8), L2(Ry,)) is continuous. If f further satisfies

loc

f(z,u)wis real for x € R, ue€C, (0.6)

then (0.4) is globally well-posed in L3

loc

(R; x R,) N C(Ry, L3(R,)), viz. the
sreceding statement holds with R in place of (=6, 06).

2k
2k —1
et f(x,u) satisfy the following conditions with some constant ¢ > 0 and ¢(x) €
L7 (R):
|f(z,u)] < cé(x)||ul”, reER, ueC
[f(@,u) = f(2,0)] < cé(@)l[u—v|(jul"" + o), z€R, uveC
(0.7)
Then for any ug € L*(R), (0.4) is locally well-posed in L*(R.; L (R;)) N

loc

2(Ry, L3(R,)). If f further satisfies (0.6) of the previous theorem, then (0.4)
s globally well-posed in L*(Ry; L3 (R;)) N C(Ry, L*(R,)).

loc

and

Theorem 0.5 Suppose V satisfies Assumption 0.1. Let 1 <r <

(Rt XRI)HC(RM L2(RI))7



IV. Main Estimates

We denote by ¥ (z, E) the L? normalized eigenfunctions of the operator H =
-A+V(x):

—"(z, E) + V()¢ (2, E) = EY(x, B). (0.8)
We estimates the LP-norm of ¢(x, F) as the eigenvalue E tends to infinity and

rove the following

Proposition 0.6 For 1 < p < oo we have

CE_%(%_%)’ if 1 §p<4’
[z, B)ll» < CE- T (logE)t,  if p=4;
CEﬁ;IiL*%, if p>47

where the constant C), for p > 4 may be taken uniformly outside a neighbourhood

of 4.



