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Abstract A model for bifurcation regions of the human
tracheo-bronchial tree was developed. Equations for the
surfaces are given to enable calculations of doses from
alpha-particles emitted in these regions. It has been found
that a bifurcation region is well approximated by a quasi-
ellipsoid. The absorbed fractions of alpha-particles emit-
ted in bifurcation regions were calculated by the Monte
Carlo method. The average absorbed fraction under the
bifurcation geometry is close to that found under the
cylindrical geometry in the bronchial region. In the
bronchiolar region, the absorbed fractions under the
bifurcation geometry are up to 20% larger than those
under the cylindrical geometry.

Introduction

The bifurcation geometry of airway tubes in the human
tracheo-bronchial (T-B) tree has been considered for
modeling aerosol deposition [1, 2], the latter mainly
modeled by software developed using fluid dynamics [3,
4, 5]. There are theoretical findings [6] as well as
experimental evidence of enhanced deposition in bifur-
cation regions. To calculate the absorbed dose in these
regions due to radon progeny, one needs to know the
absorbed fraction (AF) of alpha-particles in the bifurca-
tion regions. The absorbed fraction is defined as the
fraction of alpha-particle energy absorbed in the target.
The AFs have been calculated for various target/source
combinations and alpha energies and have been given in
Annex H of ICRP publication 66 [7]. However, these data
were obtained for the cylindrical geometry in which both

the sources and targets were represented by long straight
cylinders.

Although the bifurcation of a cylinder into two has
previously been considered for deposition modeling, there
is still no detailed analytical description of the bifurcation
geometry. Computer simulations of the lung airways were
performed by Spencer et al. [8], and a two-dimensional
but pulsatile model of aortic bifurcation was employed by
Chakravarty and Mandal [9]. In fact, it is not geometri-
cally possible to split one cylinder into two without some
distortion of the parent one in the bifurcation region. In
the first part of this paper, we will present our model of a
bifurcation. In the second part, the AFs of alpha-energy
emitted in bifurcation regions will be given. These results
can be used to calculate the absorbed dose when the
activity of radon progeny in such a region is known.

Model of bifurcation geometry

The model of a symmetrical bifurcation is presented in
Fig. 1. The nomenclature is as follows: U upper cylinder
that bifurcates and ru its radius, L lower left branch of the
bifurcation, and rL its radius, a the angle of bifurcation,
(x, y, z) the coordinate system with the origin O on the
axis of cylinder U in the plane where bifurcation occurs,
in which the z-axis is along the axis of U and the y-axis
chosen in such a way that the axes of U and L are in the
y-z plane. In other words, the bifurcation occurs in the y-z
plane, while the x-axis is normal to the plane of the paper.
Both U and L are intersected by the plane p which is
parallel to the x-axis and which subtends an angle b to the
z-axis (the cross-section between the cylinder and the
plane is an ellipse). The angle b is chosen to fulfil the
condition aL=aU/2, where aL is the major-axis of the
ellipse formed by the intersection of L and p, and aU is the
corresponding value of the ellipse formed by the inter-
section of U and p (not shown in Fig. 1).

When a cylinder intersects the plane at an angle b, we
have:
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aU ¼
rU

sinb
ð1Þ

Since p does not intersect the axis of L at a right angle,
aL 6¼rL. Under geometrical conditions one can obtain:

aL ¼
rL

sinðaþ bÞ ð2Þ

On combining Eqs. 1 and 2, and using aL=aU/2, we
have:

ctgb ¼
2 rL

rU
� cosa

sin a
ð3Þ

In this way, the angle b is determined by the radii rL
and rU, and the bifurcation angle a. The following
explains some more notations in Fig. 1: the axis of L
intersects the z-axis at z1, at the same point the axis of the
lower right cylinder intersects the z-axis. The plane p
intersects the z-axis at z2. The two coordinates can be
found from:

z1 ¼
rU cosa� rL

sina
; z2 ¼

rU

tanb
ð4Þ

The equations for the lower cylinders are:

x2 þ �y cosaþ ðz� z1Þ sina½ �2¼ r2
L ð5Þ

where the “+” and “�” signs are for the right and left
cylinders, respectively. The intersection between the
plane p and L is the ellipse E1. The plane p’, which is
symmetrical to p with respect to the z-axis, intersects the
lower right cylinder to form the ellipse E2.

The “bifurcation region” is depicted by the surface
with parallel horizontal circular lines in Fig. 2. This
surface is constructed by rotating the edge of ellipse E1

around the z-axis. The surface thus depicted defines the
bifurcation region. Consider the line LM which is on the
surface of the lower left tube (the axis of that tube is also
shown in Fig. 2 with a dashed line). The intersection
between LM and E1 is the point M. The point N on the z-
axis is the horizontal projection of M onto the z-axis.
When the point M is rotated around the z-axis, a circle is
drawn with the distance NM as the radius. When all points
on E1 are considered, all the circles formed will define the
bifurcation region. The generated surface of the bifurca-
tion region is not a “standard ellipsoid” because the latter
is formed when an ellipse revolves around one of its axes.
In our case, the ellipse is revolved around the z-axis which
does not coincide with an axis of the ellipse.

The task to be solved is to find the equation of the
surface of this bifurcation region. It is necessary to make a
two-step transformation of the coordinate system. The
first step translates the origin from O to O’ while the
second rotates the system around the x-axis for an angle
�(p/2�b); with the “�” sign outside the bracket meaning a
clockwise rotation, while a “+”sign will mean an anti-
clockwise rotation. The final coordinate system (x", y",z")
has a z"-axis normal to the plane of ellipse E1, which is
not the axis of the cylinder. The y"-axis is along the major
axis and the x"-axis is along the minor axis of E1. The
relationship among the coordinates in the (x, y, z) and (x",
y",z") systems are obtained in the following:

The equation of the plane p in the (x, y, z) system is:

ðyþ rUÞ cosbþ z sinb ¼ 0 ð6Þ
The axis of the lower left cylinder is:

z ¼ y cotaþ z1 ð7Þ

Fig. 2 Construction of a bifurcation region (marked with parallel
horizontal lines). Point M is on the ellipse E1 (with O’ as the
center); it rotates around the z-axis to form a circle with radius R
centered at point N

Fig. 1 Model of symmetrical branching of one cylinder into two
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The intersection between this line and the plane p can
be found by combining Eqs. 6 and 7, which gives the
coordinates (0, yint, zint) of the point O’ in the (x, y, z)
system:

yint ¼
�z1 sinb� rU cosb
sinb cotaþ cosb

ð8Þ

zint ¼ cota � yint þ z1 ð9Þ
The first step is the translation of the origin from O to

O’. The new axes become:

y0 ¼ y� yint and z0 ¼ z� zint ð10Þ
The plane p in the translated system is:

ðy0 þ yint þ rUÞ cosbþ ðz0 þ zintÞ sinb ¼ 0 ð11Þ
The second transformation is a rotation around the x-

axis for an angle of �(p/2�b).
The transformations from the (x, y, z) system to the

“translated + rotated system” are expressed as:

y ¼ y00 sinbþ z00 cosbþ yint

z ¼ �y00 cosbþ z00 sinbþ zint
ð12Þ

and vice versa as:

y00 ¼ y� yintð Þ sinb� z� zintð Þ cosb
z00 ¼ y� yintð Þ cosbþ z� zintð Þ sinb

ð13Þ

The equation of the plane p in the (x", y",z") system is
z"=0. The equations of the cylinders have to be
transformed in the (x", y",z") system to find the intersec-
tion between cylinders and the plane. The intersection is
an ellipse E1 with the equation:

x2

r2
L

þ y002

ðrL= sinðaþ bÞÞ2
¼ 1 ð14Þ

in the (x", y",z") system.
The equation of the ellipse E1 in the (x, y, z) system is

now:

x2

r2
L

þ ðy� ycrossÞ sinb� ðz� zcrossÞ cosb½ �2

ðrL= sinðaþ bÞÞ2
¼ 1 ð15Þ

The details of the rotation of the ellipse E1 around the
z-axis are presented in Fig. 3.

For a point N on the z-axis with a given z value, we can
calculate the distance to the point M on the ellipse (points
M and N are on the same horizontal plane defined by z;
see Fig. 2). The distance MN is the radius R of a circle
when the ellipse is rotated around the z-axis.

The y coordinate of point M is the same as that of point
P in Fig. 2, which can be found from Eq. 6 as:

yM ¼ �rU � z tanb ð16Þ
Then the x coordinate of point M (from the equation

for E1) is:

xM ¼ rL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ½ð�rU � z tanb� ycrossÞ sinb
rL= sinðaþ bÞ½ �2

s

� �ðz� zcrossÞ cosb�2

rL= sinðaþ bÞ½ �2
ð17Þ

The radius R of the circle is:

R2 ¼ x2
M þ y2

M ð18Þ
Since yM=�rU�z tan b, one can find:

R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2
L

�

1� ½ð�rU � z tanb� ycrossÞ sinb
rL= sinðaþ bÞ½ �2

s

� �ðz� zcrossÞ cosb�2

rL= sinðaþ bÞ½ �2
�

þ ð�rU � z tanbÞ2 ð19Þ

The function R=R(z) is obtained in this way. Finally,
the equation of the surface obtained is:

x2 þ y2 ¼ R2ðzÞ ð20Þ
where R(z) is given above in Eq. 19.

Equation 19 was programmed and the results calcu-
lated for the first 8 generations of the human T-B tree (see
Fig. 4). The bifurcation regions can be obtained by
rotating the curves in Fig. 4 around the z-axis.

Absorbed fraction of alpha-energy emitted
in bifurcation regions

The geometry of a bifurcation region is significantly
different from the cylindrical geometry that was previ-
ously assumed in AF calculations in the ICRP66 report.
The geometry described by Eq. 19 resembles an ellipsoid
and we refer to it as a “quasi-ellipsoid”. In addition to the
significant difference in the geometries, alpha-particles
travelling through the air can now enter one of the three
cylinders (upper, lower left or lower right) surrounding
the considered region. All these cases are carefully
considered in the computer programs.

Fig. 3 Rotation of the ellipse E1 around the z-axis
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To calculate AFs, we only consider alpha-particles
emitted in bifurcation regions. Therefore, the results given
below are only related to the bifurcation regions, and not
to the entire T-B tree. For the present study, a uniform
distribution of alpha contamination in the mucus was
employed. Previously developed programs for the cylin-
drical geometry based on Monte Carlo methods [10] were
modified for the considered quasi-ellipsoid. A detailed
description of the program is not repeated here.

The ICRP66 model of the T-B tree was partially
adopted: the wall of the airway tube was the same as that
described by ICRP66. Two sources (fast and slow
clearing mucus) and two targets (secretory and basal
cells) and two relevant alpha energies in the 222Rn chain
(6 and 7.69 MeV) were considered. However, the
calculations were performed for each particular genera-
tion. The diameters and lengths of tubes, as well as
branching angles given in ICRP66 for the purpose of

Table 1 Absorbed fraction
from alpha-particles emitted in
bifurcation regions

Source Method and generation of T-B tree Bronchial region (BB)

Secretory cells Basal cells

6 MeV 7.69 MeV 6 MeV 7.69 MeV

Fast mucus ICRP66 ! 0.249 0.353 5�10–3 0.0893
Gen #

This work 1 0.209 0.342 3.2�10�3 0.069
2 0.223 0.352 4.1�10�3 0.073
3 0.229 0.358 2.8�10�3 0.074
4 0.248 0.355 3.8�10�3 0.088
5 0.260 0.364 3.8�10�3 0.093
6 0.255 0.377 3.0�10�3 0.089
7 0.262 0.382 3.8�10�3 0.093
8 0.270 0.386 3.2�10�3 0.0922

Mean 0.244 0.364 3.5�10�3 0.0839

Slow mucus ICRP66 ! 0.272 0.355 0.021 0.0857
Gen #

This work 1 0.258 0.332 0.0215 0.0760
2 0.255 0.345 0.0202 0.0703
3 0.250 0.347 0.0179 0.0726
4 0.291 0.363 0.0234 0.0895
5 0.278 0.350 0.0245 0.0855
6 0.288 0.378 0.0208 0.0880
7 0.290 0.381 0.0214 0.0888
8 0.278 0.370 0.0183 0.0858

Mean 0.273 0.358 0.021 0.0821

Source Method and generation of T-B tree Bronchiolar region (bb) (secretory cells only)

Secretory cells

6 MeV 7.69 MeV

0.217 0.173

Fast mucus ICRP66 ! 0.214 0.172
Gen #

This work 9 0.232 0.179
10 0.233 0.183
11 0.244 0.177
12 0.299 0.178
13 0.299 0.177
14 0.224 0.170
15 0.219 0.180
Mean 0.250 0.178

Slow mucus ICRP66 ! 0.217 0.173
Gen #

This work 9 0.231 0.196
10 0.228 0.199
11 0.228 0.199
12 0.227 0.202
13 0.240 0.205
14 0.236 0.204
15 0.245 0.201
Mean 0.234 0.201
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deposition calculations, were adopted here for AF calcu-
lations.

The results for AF are given in Table 1. For easier
comparison, the ICRP66 values are italicized. Inspection
of these results reveal that in most cases, AFs from alpha-
particles emitted in bifurcation regions are larger than
ICRP66 values. The differences are particularly pro-
nounced for larger generation numbers. The only excep-
tion is the dose in basal cells from 6 MeV alpha-particles
emitted in fast mucus. This exception is not important
because that value of AF is two orders of magnitude
smaller than the others. Previously, the bifurcation
regions were considered as “hot spots” for particle
deposition. Calculations performed here indicate that the
doses around bifurcation regions could be even larger
because the AFs are larger in the quasi-ellipsoidal
geometry than those in cylindrical geometry.

Conclusions

Absorbed fractions of alpha-particles emitted in bifurca-
tion regions are given in Table 1 for different generation

numbers in the human tracheo-bronchial tree. The
average values of AFs are also given in Table 1. In the
bronchial region, the AFs under the bifurcation geometry
are close to those recommended by ICRP66 for infinitely
long cylindrical tubes. On the other hand, the AFs in the
bronchiolar region under the bifurcation geometry are up
to 20% larger than those under the cylindrical geometry.
The effect of particles emitted in the bifurcation regions
on the total dose depends on the number of alpha decays
in these regions (which might not be equal to the number
of deposited atoms because of the clearance and translo-
cations of deposited materials).
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